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Abstract 

In the present paper, we study the uniform regularity and vanishing dissipation limit for 
the full compressible Navier-Stokes system whose viscosity and heat conductivity are allowed 
to vanish at different order. The problem is studied in a 3-D bounded domain with Navier- 
slip type boundary conditions (11.31) . It is shown that there exists a unique strong solution to 
the full compressible Navier-Stokes system with the boundary conditions (11.31) in a finite time 
interval which is independent of the viscosity and heat conductivity. The solution is uniform 
bounded in W 1 ’ 00 and a conormal Sobolev space. Based on such uniform estimates, we prove 
the convergence of the solutions of the full compressible Navier-Stokes to the corresponding 
solutions of the full compressible Euler system in L°°(0, T ; L 2 ),L°°( 0, T ; H 1 ) and L°°([0, T ] x 
D) with a rate of convergence. 

Keywords: Full compressible Navier-Stokes, Navier-slip, vanishing dissipation limit, bound¬ 
ary layers. 

AMS: 35Q35, 35B65, 76N10 

1 Introduction and Main Results 

The motion of a compressible viscous, heat conductive, ideal polytropic fluid is governed by the 
following full compressible Navier-Stokes equations(FCNS) 

f Pt+ di v(p s u e ) = 0, 

< ( p e u e ) t + di v(p e u e ® u e ) + Vp £ = peAu E + (/i + A )eVdivu e , x € H, t > 0 (1.1) 

[(p £ K £ ) t + di v(p e u e E e +p e u e ) = k(e)A 0 e + di v(r E u £ ), 

where O is a bounded smooth domain of M 3 . Here p e , u £ and E e represent density, velocity and 
total energy, respectively. The pressure function p £ , total energy E £ are given by 

p e =Rp e 0 £ , E £ =c v (0 £ + ^\u s \ 2 ), 

where 0 s is temperature and c v is a positive constant. For the simplicity of presentation, we 
normalize c v to be 1. The tensor t 6 is represented 

r e = Aedi vu E I + 2 peSu E , with Su e = + (Vu £ ) T ). 

Here p, A are given constants satisfying the following physical restriction 

p > 0, 2p + 3X> 0, (1.2) 
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and the parameter e > 0 is the inverse of the Reynolds number. k(s) > 0 is the heat conductivity 
which is assumed to depend on e. 

We impose the full compressible Navier-Stokes equations with the following Navier-slip type 
boundary conditions 

u e ■ n = 0, (( Su e )n) T = ( Au e ) T , and n ■ S76 e = v9 e , on 312. (1.3) 

where n is the outward unit normal to 312, u T represents the tangential part of u, A is a smooth 
symmetric matrix and v is a given constant. For smooth solutions, it is noticed that 

(2 S(v)n — (V x v) x n) T = —( 2S(n)v ) T , 

see [28] for details. Then the boundary condition m can be rewritten in the form of the 
vorticity as 

u e ■ n = 0, n x lu s = [Bu e ] T , and n-'\76 e = vO e , on 30. (1-4) 

where uj £ = V x u £ is the vorticity and B = 2{A — S(n)) is a symmetric matrix. Actually, it 
turns out that the form (ll.4|) will be more convenient than (11.311 in the energy estimates. 

We are interested in the existence of strong solutions of cm with uniform bounds on an 
interval of time independent of the viscosity and heat conductivity, and the vanishing dissipation 
limit to the full compressible Euler flow as e and k(e) vanish, i.e, 

p t + div(pu) = 0, 

< {pu)t + div(pu ® u) + Vp = 0, as e, k —>■ 0+, (1.5) 

. [p(3 + \ I u\ 2 )] t + di v[pu(9 + \ | u\ 2 ) + pu] = 0, 

with slip boundary condition 

u-n\ an = 0. (1.6) 

There has lots of literatures on the inviscid limit for incompressible Navier-Stokes equations. 
The inviscid limit of Cauchy problem has been studied by many authors, see for instances 
[s [Hniznis] ■ However, in the presence of a physical boundary, the problems become challenging 
due to the appearance of boundary layers. As illustrated by Prandtl’s theory, the inviscid limit 
of the incompressible Navier-Stokes with no-slip boundary condition to the incompressible Euler 
flows with slip boundary condition (11.61) is a very difficult problem. Sammartino-Caflisch P0:.[2l'j 
proved the convergence of the incompressible Navier-Stokes flows to the Euler flows away from 
the boundary and to the prandtl flows near the boundary at the inviscid limit for the analytic 
initial data. Recently, Maekawa[l4] proved such limit when the initial vorticity is located away 
from the boundary in the 2-D half plane. On the other hand, for the incompressible Navier-Stokes 
system with Navier-slip boundary condition (11.31) (without the heat flux part), lots of important 
progress has been made on this problem. The uniform H 3 bound and the inviscid limit to Euler 
flow was proved by Xiao-Xin[26j for flat boundaries which was generalized to W k,p in EU3] by 
Veiga-Crispo soon later. However, one can not obtain such results for general curved boundaries 
since boundary layers may appear due to non-trivial curvature as pointed out by Iftimie and 
SueurjlT|. where the inviscid limit was also obtained in L°°(0,T, ;T 2 ) by a careful construction 
of boundary layer expansions. In order to investigate precisely the asymptotic structure and 
get the convergence in stronger norms such as L°°(0, T; H s )(s > 0), stronger estimates are 
needed. Recently, Masmoudi-Rousset [16] established a conormal uniform estimates for 3-D 
domains with the Naiver-slip boundary condition, which implies the uniform boundedness of 
Lipschitz-norm for the velocity field. This allows to obtain the inviscid limit in L°°-norm by a 
compactness argument. Based on the uniform estimates in HB3, better convergence with rates 
have been obtained in [8] and m • In particular, Xiao-Xin m has proved the convergence in 
L°° (0, T ; H 1 ) with a rate. 

For the isentropic compressible Navier-Stokes equations, Xin-Yanagisawa [29] studied the 
vanishing viscosity limit of the linearized problem with the no-slip boundary condition in 2- 
D half plane. For the Navier-slip boundary condition case, Wang-Williams [24] constructed a 
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boundary layer solution of the compressible Navier-Stokes equations in 2-D half plane. The 
layers constructed in [23] are of width 0(y/F) as the Prandtl boundary layer, but the amplitude 
are of 0(y/e) which is similar to the one [TTJ for the incompressible case. It is also shown [24] 
that the boundary layers for the density is weaker than the one for the velocity. So, in general, 
it is impossible to obtain the H :i or W 2,p (p > 3) estimates for the compressible Navier-Stokes 
system with the Navier-slip boundary condition. Recently, Paddick m obtained an uniform 
conormal Sobolev estimates for the isentropic compressible Navier-Stokes system in the 3-D 
half-space. Wang-Xin-Yong [25] also obtained an uniform regularity for isentropic compressible 
Navier-Stokes equations with Navier-slip boundary conditions in 3-D domain with curvature, 
especially, the inviscid limit was also obtained with rate of convergence in L°°([0,T] x D) and 
L°°([0, T]; H 1 ). The fact that the boundary layer for density is weaker than the one for velocity 
fields was also shown in [25]. 

For the full compressible Navier-Stokes equations, the study is quite limit. Under the as¬ 
sumption that the viscosity and heat conductivity converge to zero at the same order, Ding-Jiang 
[7] studied the zero viscosity and heat conductivity limit for the linearized compressible Navier- 
Stokes-Fourier equations with no-slip boundary condition in the half plane. 

However, there is no uniform regularity and vanishing dissipation limit results for the full 
compressible Navier-stokes equations mu with Navier-slip type boundary conditions (11.311 in a 
bounded domain. The aim of this paper is to investigate the uniform regularity for the solutions 
of the full compressible Navier-Stokes system mu even if the viscosity and heat conductivity 
converge to zero at different order. Compared to the isentropic case[25] 19], it is difficult to 
obtain the Lipschitz estimates for the solutions of (11.11) due to the appearance of temperature 
and the strongly coupled system of ( p e ,u £ ,9 £ ). On the other hand, the amplitude and width of 
boundary layers for velocity and temperature may be not at the same order if the viscous and 
heat conductivity vanish at different order. Then the interaction of the two different amplitude 
boundary layers may arise difficulties in the analysis of obtaining uniform regularity, especially, 
in the Lipschitz estimates. To overcome these difficulties, some new ideas and observations are 
need. It is also very important to study the vanishing dissipation limit. Especially, we shall 
investigate how the rate of convergence is influenced by the thermal boundary layers. 

Before stating our main results, we first explain the notations and conventions used through¬ 
out this paper. Similar to [16. 25]. one assumes that the bounded domain fl C M 3 has a covering 
such that 

SicSloU^ft, (1.7) 

where Ho C 11 and in each there exists a function ifk such that 

ff (~l fife = {x = (x 3 ,x 2 ,x 3 ) | x 3 > ipk(xi,x 2 )} n fife and dfl !~l flfc = {x 3 = ip k {xi,x 2 )} D Dfc. 

f1 is said to be C m if the functions ipk are C m -function. To define the Sobolev conormal spaces, 
one considers ( Zk)i<k<N a finite set of generators of vector fields that are tangent to <9fl and set 

HZ = {/ G L 2 (R) | Z r f € L 2 (D), for |I| < to}, 
where I = (k\. • • • , k m ). The following notations will be used: 

Ml = IMIhs = E E ll^silk M 2 m, 00 = E \\ zIu \\l°° and \\vz m u\\ 2 = J2 liv^lli- 

j =1 \I\<m |/| <ra \I\=m 

Noting that by using the covering of f1, one can always assume that each vector field (p, u, 9) 
is supported in one of the D*, moreover, in Do the norm || • || m yields a control of the standard 
H m norm, whereas if Dj n <9D 7 ^ 0, there is no control of the normal derivatives. 

Denote by Ck a positive constant independence of e, k G (0,1] which depends only on the 
C^'-norm of the functions ipj,j = 1 • • • ,n. Since 9D is given locally by x 3 = X 2 )(we omit 
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the subscript j for notational convenience), it is convenient to use the coordinates: 

: (y,z) 1 —> (y,fp(y) + z) = x. 

A local basis is thus given by the vector fields (e y i,e y 2 ,e z ) where e y i = (1,0, , e y 2 = 

(0,1, 82 ip)* and e z = (0, 0, — l ) 1 . On the boundary e y i and e y 2 are tangent to dil, and in general, 
e z is not a normal vector field. By using this parametrization, one can take as suitable vector 
fields compactly supported in f lj in the definition of the || • \\ m norms: 

Zi = d v i =di + dii/}d z , i = 1,2, Z 3 = <p(z)d z , (1.8) 

where cp(z) = —(|is smooth, supported in M + with the property <p(0) = 0, <//(0) > 0, <p(z) > 0 
for z > 0. It is easy to check that 


and 


ZkZj — Z 3 Z k , j, k — 1,2,3, 


d z Zt = Zid z , i = l,2, and d z Z 3 ± Z 3 d z . 


In this paper, we shall still denote by dj, j = 1,2,3 or V the derivatives in the physical 
space. The coordinates of a vector field u in the basis (e y i,e y 2 ,e z ) will be denoted by u l , thus 

u = v}e y i + ire y 2 + u 3 e z . (1.9) 

We shall denote by Uj the coordinates in the standard basis of M 3 , i.e, u = u\e\ + U 2 e 2 + u 3 e 3 . 
Denote by n the unit outward normal in the physical space which is given locally by 


n(x) = n(^(y,z)) 


1 

v/1 + l vv>(y)l 2 


dii/j(y) \ 

82 V’(y) I 


-N(y) 

v /l+|VV'(2/)| 2 ’ 


( 1 . 10 ) 


and by II the orthogonal projection 


IIu = II(4'(y, z))u = u-[u- n(^f(y, z))]n('H(y, z)), 


( 1 . 11 ) 


which gives the orthogonal projection onto the tangent space of the boundary. Note that n and 
II are defined in the whole ilk and do not depend on z. 

For later use and notational convenience, set 

Z“ = d?°Z ai = d?° Z? 11 Z% 12 Zg 13 . (1.12) 

where a, ao,a 3 are the differential multi-indices with a = (ao, a\), a\ = (an, < 212 , < 213 ), and we 
also use the following notations 

\\m\\H^= E ii^“/wiili= \m\\n*-= E ( Ll 3) 

for smooth space-time function f(x,t). 

Firstly, we consider the uniform regularity of the solutions of full compressible Navier-Stokes 
system (11.111 with the Navier-slip type boundary conditions (11.31) . Since the viscous and thermal 
boundary layers may appear in the presence of physical boundaries, so one needs to design a 
suitable functional space. Here the functional space A^(T) for functions (p, u, 9) = (p, u, 9)(x, t) 
is defined as 

X m( T ) = {(AM) £ T°°([ 0 ,T],L 2 ); esssup 0 < t < T ||(p, u, 9)(t)\\x^ < +00 j, (1.14) 

where the norm ||(-, •, •) Wx^ is given by 

m—2 

||(p, M ,0)(t)||^ = ||(p,a,0)(t)||^ + ||Va(t)||^_ 1 + E II^V(p^)WII™-i- fe +£||Vdr-VWI| 2 

k =0 

+ e\\Vdr 2 divu(t)\\ 2 + K(e)\\Adr 2 em 2 + \\\7(p,u,e)(t)\\ 2 n i„ 

+ e|| V 2 M(t)|||oo + e|| V(p 0 )(t)||^ 2 , 


(1.15) 
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We remark that the term e||V(p0)(i)||^ 2 ,oo included in (j 1.15 f) is important for us to obtain the 
Lipschitz estimates even though such term is slightly strange. And we will explain the reason 
of including such term after Theorem II.II below. 

In the present paper, we supplement the full compressible Navier-Stokes equations m with 
the initial data 

(p e , u e , 9 S )(x, 0) = (p e 0 , u e 0 , 9 £ )(x), (1.16) 

such that 

sup <Co, 0 < Cf l < p%, eg < <% < 00 (1.17) 

0<e<l 


where Co > 0, Co > 0 are positive constants independent of e G (0,1], and the time derivatives of 
initial data in (11.171) are defined through the full compressible Navier-Stokes system (11.11) . Thus, 
the initial data (pj), ttg, 9q) is assumed to have a higher space regularity and compatibilities. No¬ 
tice that the a priori estimates in Theorem 13.11 below is obtained in the case that the approximate 
solution is sufficient smooth up to the boundary, therefore, in order to obtain a selfcontained re¬ 
sult, one needs to assume that the approximate initial data satisfies the boundary compatibility 
conditions, i.e. (11.31) (or equivalent to (11.41) 1. For the initial data (pq,Uq,9q) satisfying (11.171) . it 
is not clear if there exists an approximate sequence (pj)’ 5 , Uq S , , 0q S )(5 being a regularization pa¬ 
rameter), which satisfy the boundary compatibilities and || {p £ f 5 — pj), u £ 0 ,S — «§, 0Q ,d — 0 $) ||x^ —»■ 0 
as <5 —>• 0. Therefore, we set 


y£,m 

^ NS,ap 


| (p, u, 9) g H 3 m (Ll) d^, df9, d^u, k = 1, • ■ • , m are defined through the svstem dl.il) 
and dfU, d?9, k = 0, • • • , m — 1 satisfy the boundary compatibility conditions >, (1.18) 


and 


Xx™ = The closure of Xfi,™ ap i 11 the norm 


\x* 


(1.19) 


If the heat conductivity n(e) decays too fast as e —l 0+, then the possible interaction 
between the viscous boundary layers and thermal boundary layers is strong and it is hard to 
get the uniform regularity. So, in order to control the possible interaction between the viscous 
boundary layers and the thermal boundary layers, throughout this paper, we assume that the 
heat conductivity is a continuous function of e and satisfies 

e 4 < Cn(e) < oo, for eg (0,1], (1-20) 

where the C > 0 is some positive constant. Then our uniform regularity result is as follows: 

Theorem 1.1 (Uniform Regularity) Let m be an integer satisfying m > 6, n(e) satisfies 
(11.201) . LI be a C m+ 2 domain and A G C m+ 1 (dLl). Consider the initial data {pq,Uq,9q) € X 1 ^™ 
given in (USD and satisfying (11.171) . Then there exists a time To > 0 and C\ > 0 independent 
of e £ (0,1], such that there exists a unique solution (p £ ,u £ ,9 £ ) of (II.ID . (11.31) and (11.161) on 
[0, To] and satisfies the estimates: 

(2Co) _1 < p e (t),9 £ (t) < 2Cq Vie [0, T 0 ], (1.21) 

and 

sup \\(p £ ,u £ ,9 £ m\\x^+ f T ° \\Vd™~\p e ,0 e )(t)\\ 2 + \\\7(p e 9 £ ){t)\\ 2 H2 , 00 dt + s [ T ° \\S7u £ (f)\\u™dt 

0<t<T o JO Jo 

+ k{s) [ \\\79 e (t)\\l i mdt+ [ e \\X 2 d^u £ (t)\\‘^ n _ 1 _ k + K(£)\\Adf9 e (t)\\^ n _ 1 _ k dt 

Jo fe=0 Jo 

+ £ 2 f 0 \\X 2 df l ~ 1 u e (t)\\ 2 dt + K (e) 2 f ° ||Adr _1 r(i)|| 2 + || VZ m ~ 2 A9 e (t)\\ 2 dt < C x < oo, (1.22) 
Jo Jo 

where C\ depends only on Co, Co and C m+ 2 - 
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Remark 1.2 The novelty of this work is that we allow the viscous and heat conductivity to 
vanish at different order. And it is noted that there are many functions satisfy the condition 
(11.201) . For example, it is easy to see that (11.201) holds provided k(e) = e b where b is constant 
such that 0 < b < 4. 


Remark 1.3 In order to obtain the Lipschitz estimates included in () 1.15 1) . one needs to use the 
pointwise estimates because the boundary layers prevent to obtain uniform estimate in H 3 (Tl)(or 
W 2,p ,p > 0). So, one has to deal with the possible interaction of the viscous and thermal 
boundary layers in the pointwise estimates. Indeed, the restriction (11.201) is used to control such 
possible interaction, see Lemma\3 . lf\-Lemma\3 . lR for details. 


Remark 1.4 For the solution (p £ ,u £ ,9 £ )(t) of (I1.1I) . (I1.4I) . (I1.16|) . the boundary conditions CHD (or 
equivalently are satisfied in the trace sense for every fixed e € (0, To] and t € (0, To]. 


We now describe the main ideas of the proof of Theorem 11.11 And it turns out that it suffices 
to establish the estimates (ll.22|) . It is noted that there are two parts included in (ll.22|) . i.e., 
the conormal energy estimates part and the pointwise estimates part. Firstly, by complicated 
conormal energy estimates, one can obtain 


m —2 


ll(p £ , u £ ,r)(t)||^ + ^||d t fc v(p £ , u £ ,r)(t)||^_ 1 _ fc + ||9r-V(t)|| 2 + e ||var-V(t)|| 2 + £ / IIvu £ (t)||^„ 

fc=0 

pt ^ 2 pt pt 

+ */ l|V0 £ (T)||^+]r / ||d t fc (^W,v^A0 E )(r)||^_ 1 _ fc + / e 2 ||V 2 a t m_1 w £ (r)|| 2 , (1.23) 

JO n JO JO 


fc=0 


at the cost of 


/* ||VZ m-1 divu £ || 2 + k 2 \\S7Z m ~ 2 AQ e \\ 2 dT and f ||5 t m_1 V(p £ , 0 e )\\ 2 dr, (1.24) 

Jo Jo 


see Lemma 13.21 -Lemma 13.61 and Lemma 13.111 below. By using the structure of mass equa¬ 
tion and energy equation, respectively, one can bound the first part of (11.241) at the cost of 
Jo # £ )|| 2 dr, see Lemma 13(71 below. So, it suffices to bound the second part of (11.241) . 

Considering f*f < 9 ( n " 2 (l 3 . 1 . 7 l) n • Vdf l ~ 2 divu £ + ( 9 ( n " 1 V (l 3 . 1 . 7 l ) 2 • Vr>t 0£ - dxdr , one can control 
the second part of (| 1.241) and £||V<9™~ 2 divu e (f)|| 2 + K(e)||A9 f m ” 2 0 £ (t)|| 2 , see Lemma [378] below. 
Therefore, combining the above estimates, one can obtain the conormal energy estimates of 
(11.221) except ||V<9™ -1 u e || 2 , see also (13.3.311) below. 

Next, we try to establish the pointwise estimates part. However, it is difficult to obtain such 
estimates because the equations of p £ ,u £ ,9 £ are strongly coupled and the viscosity and heat 
conductivity are not at the same order. Actually, if one estimate ||Vp £ ||-^i,oo directly, then one 
has to deal with the high order derivative term f (j ||V0 e ||^ 2 .oodr, however it is hard to control this 
term in our functional space. Instead, we try to control the pointwise estimates of X7(p £ 9 £ ),X79 £ 
and Vrr. This is key to overcome the difficulty. Indeed, we can obtain(see Lemma 13.151 below 1 


I|V(^0 £ )(t)|& 3 .» < e f ||V0 e (r)|& 3 . oo dr + • • • . (1.25) 
Jo 

where • • • means terms can be controlled. Since the strength and width of the thermal boundary 
layers is connected with k, then the first term on the RHS of above is actually the interaction 
of viscous and thermal boundary layers. If the heat conductivity k vanishes too fast, it will be 
very hard to control such interaction term. To overcome the difficulty, we assume that the decay 
rate of k satisfies (11.201) . Then the interaction term can be controlled as following: 


l|V(p £ 6' £ )(t)||^i, 0 c +£\\S7{p e e e )(f)\\l i i, a 


f 


ej ||V6> £ (t)||^ 3 ,=oG(t < e 4 f ||A0 £ (t)||^ 4 cZt4- <k[ || A6» £ (r)||^ 4 c(r H-, 

Jo Jo Jo 


(1.26) 
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where the last term of above has already been controlled in the conormal energy estimates 
part. It is worth to point out that the above interaction estimate will be employed repeatedly 
throughout the pointwise estimates part. On the other hand, to control the pointwise estimate 
of V# £ , the most difficult part is to deal with the term p £ Vdivu £ which comes from the term 
p £ divu £ on the LHS of energy equation(see also (13.4.6111 below). Actually, if p £ X7divu £ is regarded 
as a source term, it will be very hard to control f Q ||p £ Vdivu e (r)||^i !00 dr because the derivative 
is too high. We remark that such difficulty does not arise in the isentropic case [25] • So, to 
overcome the difficulty, some new idea is needed. Fortunately, we find that the term p £ Vdivu £ 
can be represented as following 

p £ Vdivu e = Rp e [V8f + (u e ■ V)Vd £ ] — R[V(p £ 9 e ) t + {u e ■ V)V(p £ 0 e )] + lower order terms. (1-27) 

It is noted that the first part(i.e., the hardest part) on the RHS of (11.2711 can be absorbed into 
the main part of equation(see (13.4.641) below), while the second part on the RHS of (|1.27l) can 
be regarded as a source term because the term f* ||V(/? £ 0 £ )(t)||:^ 2iOO has already been controlled 
above. This observation is key to close the pointwise estimates. And it is also one of the main 
reason to include e||V( / o £ 0 £ )||^ 2 .oo in our functional space. Based on the above observation, 
one can obtain the control of ||V0 £ ||^ ljOO . Later, by similar arguments as [25], one can control 
IIVu £ ||^ lj00 + e||V 2 u £ |||oo. Finally, in order to estimate ||V<9J n ~ 1 u £ || 2 , we still need to obtain 
the uniform bound of ||<9]" _1 divtt £ || 2 which is hard to get by the conormal energy estimate 
because some boundary terms are hard to control. By employing the mass equation, it is found 
that ||<9[[” _1 divu £ || 2 can be controlled by the conormal energy estimates and pointwise estimates 
obtained above. Therefore, combining all the above estimates, one proves (11.2211 . 

Based on the uniform estimates in Theorem 1.1, using a similar arguments as [25 , [16], one can 
justify the vanishing dissipation limit of solutions of full compressible Navier-Stokes system m 
to the solutions of the full Euler equations (II.511 in T°°-norm by a strong compactness argument, 
but without convergence rate. In the present paper, we are interested in the vanishing dissipation 
limit with rates of convergence. 

We supplement the full Euler equations (11.511 and the full compressible Navier-Stokes equa¬ 
tions with the same initial data (po,uo,9o) satisfying 

0 < Cq 1 < po, 9 q < Co and ( po, uq, 9 0 ) € H 3 n X\Iffl with m > 6. (1-28) 

It is well known that there exists a unique smooth solution (/?, u , 6 ) € H 3 for the problem (11.51) . 
(11.611 with initial data (po,uo,9o) at least locally in time [0,Ti] where T\ > 0 depends only on 
|| (po 5 uo, Oo) ||^3. On the other hand, it follows from Theorem 1 1.1 1 that there exists a time To and 
C\ independent of e € (0,1], such that there exists a unique solution ( p £ ,u £ ,6 £ ) of (II.111 . (11.311 
with the initial data {po,uq,6o) and satisfies (11.211) . ([1.2211 . 

Then we justify the vanishing dissipation limit as follows: 

Theorem 1.5 (Vanishing Dissipation Limit) Based on the above preparations, under the 
assumptions of Theorem, li.il and k,(e) —>• 0+ as e —>• 0+, there exists T 2 = min{To,Ti} > 0, 
which is independent of e > 0, such that 

HOT - P,u £ - u,9 £ - 0)(t)\\l 2 + f £\\{u e - u){t)\\ 2 h1 + K (s)\\(9 £ - 9)(r)f m dT 

Jo 

< CmaxjeT k(e) 5}, ie[0, 12 ], (1-29) 

HOT - P,u £ - U,9F - 9)(t) f Hl + f s\\(u £ - u)(r )||^2 + n{e)\\{9 £ - 0)(r)||^dr 

Jo 

< Cmax{eT k(e) 3} ; te[0,T 2 ], (1.30) 

and 

2 3 

||(p £ -p,u e -u)|| z ,^(n x[0 ,T 2 ]) < \\{p e - p,u E ~ u )||£2 • ||(p £ -p,u £ -u)||^i„ 

< Cmax{£,/t(£)}®, 


(1.31) 
















where C depends only on the norm ||(po> uo, @)\\h 3 + II(/ 3 0 )'MO)$o)ILy£ i - 

Remark 1.6 It is easy to see that k(e) = e a with 0 < a < 4 satisfy the condition of Theorem 

[731 


Remark 1.7 Compared to the isentropic case one can see that the convergence rates of 
vanishing dissipation limit are influenced by the decay rate of heat conductivity. In particular, for 
the case k(e) = e, Theorem 1 1 . 51 imvlies that the convergence rate in L°°(0, T 2 ; H 1 ) is e 3 which 
is slower than the isentropic case \23f whose corresponding rate is £ 2 . This is mainly due to the 
influence of thermal boundary layers, see Lemma [5lE below. If one can prove k{e) 2 ||VA0 £ || 2 dT 

is uniformly bounded, then the convergence rate of (11.301) could be improved to be max(e 2 ) /{(e) 2 
however it is very hard to obtain such uniform estimate in our framework. 

Remark 1.8 By the same arguments as Theorem 1 1 . 51 one can also prove the dissipation limit 
of full compressible Navier-Stokes system to the following system: 

! p t + div(pu) = 0, 

(pu)t + div(pu <g> u) + S7p = 0, if n(e) -p- kq > 0 as e — ► 0 + . (1-32) 

\p {8 + ^H 2 )]t + div[pu (6 + \\u\ 2 ) +pu\ = k 0 A 8 , 

with boundary conditions 

u ■ n\oQ = 0, n ■ V0\ dn = vQ. 

The rest of the paper is organized as follows: In section 2, we collect some elementary facts 
and inequalities that will be used later. We prove the a priori estimates Theorem 13.II in section 
3 which is the main part of this paper. By using the a priori estimates, we prove Theorem ll.il 
in section 4. Section 5 is devoted to the proof of Theorem 11.51 

Notations: Throughout this paper, the positive generic constants that are independent of e 
are denoted by c, C(may depend on p, A). || • || denotes the standard L 2 (fl;dx) norm, and 
|| ■ \\jjm (m = 1, 2,3, • • •) denotes the Sobolev H m (Q] dx ) norm. The notation | • |#m will be used 
for the standard Sobolev norm of functions defined on dll. Note that this norm involves only 
tangential derivatives. P(-) denotes a polynomial function. 

2 Preliminaries 

The following lemma [26 ; , [23] allows one to control the norm of a vector valued function 

u by its P m “ 1 (n)-norrn ofVxii and divu, together with the H m ~2 (<9fi)-norm of u ■ n. 

Proposition 2.1 Let m € N+ be an integer. Let u € H m be a vector-valued function. Then, 
there exists a constant C > 0 independent u, such that 


IMIffm < C ( 

J|V X u\\ H m 

>-i + \\divu \\ H n 

l -i + IH| i r»-i + |«-n| ffm _ i(en) ). 

(2.1) 

IHk<c( 

II V X u|| H m. 

-1 + \\divu \\ H m 

-1 + + l« x u\ Hm _ i(gn) ) . 

(2.2) 


In this paper, we shall use repeatedly the Gagliardo-Nirenbirg-Morser type inequality, whose 
proof can be find in [9j. First, define the space 

W m (B x [0, T]) = {/Or, i) e L 2 (n x [0, T]) \ Z a f gL 2 (I}x [0,T]), |a| < m }. (2.3) 

Then, the Gagliardo-Nirenbirg-Morser type inequality is as follows: 
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Proposition 2.2 For u, v € L°°(Ll x [0,T]) n W m (fi x [0,T]) with m € N+ 6e an integer. It 
holds that 

[ \\{.Z p uZ^v){r)\\ 2 dT < ||w||| r / lk(r)||«mdr + ||r|||=c . f ||u(r)|||/3| + |l| = m. (2.4) 
Jo ’Jo ’ Jo 

We also need the following anisotropic Sobolev embedding and trace estimates: 

Proposition 2.3 Let m\ > 0, m 2 > 0 be integers, f € H'ff (it) n H™ 2 (it) and V/ € H™ 2 (it). 

1) The following anisotropic Sobolev embedding holds: 

11 / 111=0 < c(\\Vf\\ HT . + \\f\\ H ^) ■ \\f\\ H ^, ( 2 . 5 ) 

provided m\ + m 2 > 3. 

2) The following trace estimate holds: 

l/lm ( on) < c(\\Vf\\ H %, + ||/||^) • H/llflSi. (2.6) 

provided m\ + m 2 > 2s > 0. 

Proof. The proof is just a using of the covering it C Qq U? =1 Q*. and Proposition 2.2 in im 
the details are omitted here. □ 


3 A priori Estimates 


The aim of this section is to prove the following a priori estimates, which is a crucial step to 
prove Theorem ll.il For notation convenience, we drop the superscript e throughout this section. 

Theorem 3.1 Let m be an integer satisfying m > 6, k(s) satisfies (I1.2UI) . P be a C m+ 2 domain 
and A g C m+1 (dit). For very sufficiently smooth solution defined on [0, T] of (11.11) and CE3D in 
tl, then we have 

\p(x, 0)| exp(— f \\divu\\L°°dT) < p(x, t) < \p(x, 0)| exp( f \\divu\\L°°dr ), Vtg[0, T], (3.1) 

Jo Jo 


and 


Oq - [ \\d(r)\\ L ^dT < 9(x,t) < 0 O + [ ||6»(r)|| L ~dr, VtG[0,T]. 
Jo Jo 


(3.2) 


In addition, if it holds that 


0 < Co < p(x,t),9(x,t) < — < 00 , \/t £ [0,T], (3-3) 

co 

where Co is any given small positive constant, then we have the a priori estimate 

T m {p,u,d) =M m {t) + [ || Vd?-\p, 9){t)\\ 2 dr + f ||V(p0)(T)||^ |Otl dT + f* e\\Vu(r)\\ 2 nm dr 
Jo Jo Jo 

1 -t rn-2 „t 

+ k{s) ||V6»(r)||^ m dr+ / e ll ^ 2d t u ( T )WL-i-k + «( £ )ll Ad t e ( T )\\m-i-k d r 

Jo , n Jo 


k—0 


+ e 2 [ ||V 2 a t m " 1 w(T)|| 2 dT + n(e) 2 [ ||Ad t m_1 0(r)|| 2 + ||VZ m - 2 A0(r)|| 2 dr 
Jo Jo 

< C 2 C m+ 2 {p(AT m (0)) + tP(AT m (t))}. 
where C 2 depends only on P(-) is a polynomial and 

M m {t) =M m {p,u,9){t) = sup {l + ||(p,-u,6»)(t)|| 2 Y£ }. 

0 <T<t 


(3.4) 


(3.5) 
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Throughout this section, we shall work on the interval of time [0, T] such that Co < p, 9 < 
And we point out that the generic constant C may depend on in this section. Since the 
proof of Theorem 13.11 is very complicated, we shall divide the proof into the following several 
subsections. 


3.1 Conormal Energy Estimates for p,u and 6 

Notice that 

A u = Vdivu — V x V x u, 

then mu is rewritten as 

Pt + div(pu) = 0, 

put + pu ■ Vu + Vp = —peV x uj + (2 p + A )e'Vdivu, 
p9 t + pu ■ Vd + pdivu = n(e)A9 + 2p£\Su\ 2 + As:|divtz| 2 , 

where uj = V x u is the vorticity. 

Lemma 3.2 For a smooth solution of (O) and m it holds that for e € (0,1] 

sup ( [ Rfi(p) +p/2(0) + \p\u\ 2 dx) +d [ e\\Vu(t)\\ 2 + K(e)\\V9(T)\\ 2 dT 
0 <r<t v J z y Jo 

< J Rf{po)+Poh{9 0 ) + ^p 0 \u 0 \ 2 dx + C j ||u(r)|| 2 dr + Ct, 

where c± > 0 and fi(t) = tint — t + 1 and f 2 (t) = t — lnt + 1 for t > 0. 

Proof. Multiplying (13.1.71) by one gets that 


dt 


p In 9dx + / Rpdivudx 


= k(e) j dx + e J ^{2p\Su\ 2 + A|divu| 2 )dx + n(e) J ■ 


Vd • 


-da. 


It follows from the boundary condition (11,311 that 

S79 ■ n 


c(e) 


f = [ da < Ck(e) < C. 

Jon d Jan 


We rewrite the mass equation (13.1.7p i to be 

Pt + u ■ Vp + pdivu = 0, 


which yields immediately that 

J pdivudx = — J pt+u-Vpdx=— J p((lnp) t + u • V lnp)da; = —— J plnpdx. 
Substituting (I3.1.12|) and (13.1.101) into (13.1.91) . one obtains that 


dt 


(Rphip — pin 9)dx + / k(e) 


9 2 


9 


(2p|5u| 2 + A|divu| 2 )da; < C. 


On the other hand, it follows from (I1.1B 1 and (11.11) ., that 


(3.1.6) 


(3.1.7) 


(3.1.8) 

(3.1.9) 

(3.1.10) 

(3.1.11) 

(3.1.12) 

(3.1.13) 


d 

dt 


pdx = 0, 


(3.1.14) 
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and 


-j- f p9 + l-p\u\ 2 dx = k(e) f n-\/9da + 2pe f ((Su)u)nda < C + S£\\\/u\\ 2 + Cs\\u\\ 2 , (3.1.15) 

dt J 2 J gn J gn 

where we have used the following facts in the estimates of (13.1.151) 


c(e) 


n ■ V 9 da 


/an 


2 jX£ 


/an 


(( Su)u)nd(j = vn(e) 


9 da 


/an 


2p£ 


/ an 


(( Su)n) T u T da 


<C + C£\u \ 2 L 2 <C + fe||Vu|| 2 + Cs\\u\\ 2 . 

Then, combining (13.1.131) . (|3.1.141) and (13.1.151) . one obtains that 

-jj^J -R(plnp - p + 1) + p(9 - In# + 1) + ^p\u\ 2 dx^J + J + ^(2p\Su\ 2 + X\divu\ 2 )dx 

< fe 2 ||Vu|| 2 + C s \\u\\ 2 + C. (3.1.16) 

It follows from the Korn’s inequality and the fact 2/i + A > 0 that 

[ K{e)^~ + |(2/z|Su| 2 + A|divu| 2 )dx > 2ci «(e)|| V0|| 2 + er|| Vu|| 2 - C||u|| 2 . (3.1.17) 


where ci > 0 is a given positive constant depends on cq, fi, A, k. Thus, choosing 5 small, it holds 


that 

!(/^(plnp— p+ 1) + p(9 - ln0 + 1) + ^p\u\ 2 dx^J + ciK(e)||VP|| 2 +ci£r||Vu|| 2 < C + C\\u\\ 2 . (3.1.18) 

Integrating (13.1.181) over [0, t], one obtains (13.1.81) . Thus the proof of the Lemma 13.21 is com¬ 
pleted. □ 

However, the above basic energy estimates is far from enough to get the vanishing dissipation 
limit. One needs to get some conormal derivative estimates. Set 

Q{t) = sup {||V(p,M,6»)(t)||^ li00 + ||(0,u,0,p t ,u t ,0 t )Wll!°o +£||V 2 u|||oo). (3.1.19) 

0 <T<t 1 1 

It follows from Proposition 12.31 that 

Q(t) < CP(Af m (t)) for m > 3. (3.1.20) 


Lemma 3.3 For m > 3, it holds that 

sup \\{p,0,u){T)\\ 2 Hm +e [ \\S7u(T)\\ 2 H mdT + k{ £ ) f ||V0(r)||^ m dr 
D<r<t JO Jo 

CC m+2 { 1 + ||(po,w 0 ,6»o)||^ m + 5e 2 J II V 2 M(r)||^ im _ 1 dr + Sk(£) 2 J ||A6'(r)||^ m _ 1 dr 


0<7 

< 


■S [ ||V9™ _1 (p, P)(r)|| 2 dr + CstP(J\f„ 


(3.1.21) 


J 0 J 

where 5 is small which will be chosen later and Cs is a polynomial function of | which may 
vary from line to line. 
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Proof. The estimate for k = 0 is already given in Lemma 13.21 Assuming that it is proven for 
k <m — 1. We shall prove it for k = m > 1. Applying Z a with |a| = m to (13.1.71) . one obtains 
that 

pZ a u t + pu ■ X7Z a u + Z a X7p = —peZ a X7 x w + (2 p + A)eZ Q Vdivu + Cf + Cf, 

< pZ a e t + pu- \7Z a 0+pZ a divu- K(e)Z a Ad (3.1.22) 

= 2p,eZ a (\Su\ 2 ) + AeZ“(|divu| 2 ) +Cg +C% +Cg, 

with 

'Cf = -[Z a ,P\ut = -E|^|>1 

C 2 “ = -[Z“, pu • V]u = - E| fl |>i,^=a C a ,pZ\pu)Z~<Xlu - pu ■ [Z“, V]«, 

< C£ = -[Z“,p]0 t = -E| /3 |>i. /3+7 =aC' Q ,^pZ^ t , (3.1.23) 

C 4 “ = -[Z“, pu • V]0 = - E|^.j>i,^+ 7 =a C a ,pZP{fm)Z^e - pu ■ [Z a , V]0, 

c% = -[Z a ,.p]divu = -E|/3|>l,/3+7=a C, «, / 3^ :/3 P^ 7 div'U, 


where (7 a « are the corresponding binomial coefficients. Multiplying (13.1.221) by and 

integrating by parts, one has that 


d_ 

dt 


Z a 'S7pZ a udx = — p£ / Z Q V x oj ■ Z a udx 


J \p\Z a u\ 2 dx + J 
+ {2p + X)e J Z"Vdivu ■ Z a udx + J (C“ + C 2 )Z a udx 


(3.1.24) 


Using the same arguments as Lemma 3.3 of [25] . one can get that 

- E / Z “ v x “ ■ s 4» v * z “"« 2++ 


+ C' 4 C r m+2 (||V«||^ m _ 1 + || U ||^ ra ). 


(3.1.25) 


and 


(3.1.26) 


(3.1.27) 


e J Z“Vdivu • Z a udx < — ^||divZ“M|| 2 + <5e||Vu||^m + <5e 2 1| V 2 u||^ m -i 

+ C , 5C , m+2(||VM||^ m -i + IMI^m). 

It follows from Proposition 12.11 that 

2 Cl \\X7Z a u\\ L 2 < (||V x Z a u\\ L , + ||divZ“u || i 2 + ||Z“u|| i2 + | Z a u • n| ffi(fln) ) 

< (||V x Z a u\\ L2 + ||divZ“ M || i2 ) + C^IMI^ + UVixll^). 

Substituting (13. 1 .251) - (13. 1.261) into (13.1.241) and using (13.1.271) . then integrating the resultant 
inequality over [0, t], one obtains that 

i J p\Z a u\ 2 dx + J J Z a \7p ■ Z a udxdr + 2ci£ J || VZ a u(r)||| 2 dr 

<\j p 0 \Z a u 0 \ 2 dx + CSe 2 J ||V 2 w(r)||^ m _idT + CSe J ||Vu(r)||^mdr 

+ [ [(C? + C%) ■ Z a udxdr + C m+2 C S [ + \\u(r)\\ 2 Hm dT. (3.1.28) 

Jo j Jo 


On the other hand, multiplying (13. 1.221) by and integrating by parts, one has that 


d 

dt 


J -^\Z a 9\ 2 dx + J RpZ a d\\uZ a 9dx — n{e) J Z a A9-^-^-dx 

e J (2pZ a (\Su\ 2 ) + XZ a {\dwu\ 2 )^^-dx + J (Cg +C% +Cg)^-dx + CP{Af m {t)). (3.1.29) 
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It follows from the boundary condition (11.31) .-, that 
|n ■ Z a S78 | i2 < C m+1 (\Z a 0\ L 2 + | Z m - L V0\ L 2j 

< C m+1 (\\Z m 0\\^\\VZ m efz + \\Z m 8\\ + ||V 2 6»||| m _ 1 ||V6»||! im _ 1 + HVdll^.,), 

which, together with integrating by parts, yields that 

/ Z a 8 f Z a 8 

Z a A8 ■ dx = —k(e) / Z a divV0 dx 

=—k{e) di vZ a \/8 ^^ dx — k{e) j [di v,Z a ]S79 ^^ dx 

r 7. a 0 

-Z a X78 ■ nda 


(3.1.30) 


(3.1.31) 


/ X7Z a 8 /' z a 8 r 

Z a W8 —-— dx — k(e) / [div, Z a ]S78 dx — k(e) / 

v J v Jd n 

> «(e) J |VZ g ^ 12 dx - Ce a (\\V8\\ Hm -4VZ a 8\\ + \\8\\ Hm \\V 2 6\\ nm -i + ||Z a 0||| 2 ||VZ“0||5|Z“V0 • n| i2 ) 

> ^ [ |V ^' dx - 5 k(e) 2 \\AdW^m-i - S K (e)\\VZ m 8\\ 2 - 5\\S7d^ 1 8\\ 2 - C s C m+1 P(Af m (t )), 


where we have used the Young’s inequality in the last inequality of (13.1.311) . It is easy to 
calculate that 


Z a 8 r 
~9 


2fiZ a (\Su\ 2 ) + AZ“(|divu| 2 ) dxdr < 6e 2 / ||Vu||^ m dr + C s tP(N m {t)). (3.1.32) 


Substituting (13.1.321) and (13.1.311) into (13.1.291) and integrating the resultant inequality over 
[0,t], one gets that 


J 20^ a ^ 2< ^ xJr J J RpZ a dxviLZ a 8dxdT + J J 


| vz 


ao 12 


-dxdr 


< 


P 0 I 7<!fl |2, 
200 
r t 


\Z a 8 0 \ 2 dx + C5 f K(£)||VZ m 0(r)|| 2 + K(£) 2 ||A0(T)||^ m _idr + fe I ||Vu(r)||^ m dr 

Jo Jo 

(3.1.33) 

Combining (13.1.281) and (13.1.331) . one obtains that 


+ 5 J ' ||V 5 J n_ 1 0 (r)|| 2 dr + CstP(J\fm{t)) + J J (C% + C% + C%)—dxdr. 


\ J p\Z a u\ 2 + ^\Z a 8\ 2 dx + 2 Cl e || VZ a it(r)|| 2 2 c?T + J 

+ R [ [ Z a X7(p8) ■ Z a u + pZ a divu ■ Z a 0dxdT 


S7Z 


ao 12 


-dxdr 


l«- 


<\j Po\Z a u 0 \ 2 +-^\Z a d 0 \ 2 dx + C5 £||Vu(r)||^ m +£ 2 ||V 2 m(t) 

+ Ctf f K(£)||V0(r)||^ m + K (£) 2 ||A0(r)|| 2 im _ 1 dr + C«5 f || 

JO JO 

+ C 5 C m+2 tP(Af m (t))+c(£||(C“,C 2 a ,C 3 Q ,C 4 “,C 5 “)|| 2 dr) 5 (£||Z“( U ,0)|| 2 dr) 5 . 
Now we estimate the fourth term on the LHS of (13.1.341) . Note that 


(3.1.34) 


Z a S7(p8) = 8 ■ S7Z a p + p ■ X7Z a 8 + [Z“, Vp]8 + [Z“, V0]p + 8 • [Z Q , V]p + p • [Z“, V]0, (3.1.35) 
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which, together with Proposition 12.21 and Holder inequality, yields that 


> - 


= J J Z a S7(p9) ■ Z a u + pZ a dwu ■ Z a 9dxdr 

J q J(8- + P ' ^Z a 6)Z a udxdT + J pZ a divu ■ Z a 9dxdr 

— C5 f \\Vdr- 1 (p,e)fdT-C 5 (l + Q(t)) f U m {r)dT 

J J [9Z a p + pZ a 9)divZ a udxdT + J J pZ a d\vu ■ Z a 9dxdr 

CS [ ||va t m - 1 (p,6»)|| 2 dr + [ f (9Z a p + pZ a 9)Z a u ■ ndadr — CgP(Af m (t)) 

Jo Jo Jdn 

f f 9Z a p ■ di vZ a udxdT + f f ( 9Z a p + pZ a 9)Z a u ■ ndadr 
Jo J Jo Jd n 

-CS [ \\Vd™-\p,9)\\ 2 dT-CstP(Mm{t)). (3.1.36) 

Jo 

We shall calculate the boundary term in (13 .1.36 1) when 013 = 0(for ai 3 / 0, we have that 
Z a u = 0 on the boundary) in the right hand side of (I3.1.36D . It follows from that (11.31) and 
(12.61) . for k < m, that 


> - 


\Z™- k d*u-n\ i < 1°; lf k m ! (3.1.37) 

H yC m+2 {\\S/u\\ H m-i + ||u|| W m}, lf k < m- 1. 

If | ao| = | a I, it follows from (13.1.371) that 

[ [ (9Z a p + pZ a 9)Z a u- ndadr = 0. (3.1.38) 

Jo Jdn 

If |oq| > 1, integrating by parts along the boundary and using (13. 1.381) . one has that 

| f [ (9Z a p + pZ a 9)Z a u ■ ndadr] = \ f [ {9Z^d?°p + pZ« 1 d?°9)Z a u ■ ndadr] 

Jo Jdn Jo Jdn 

< CQ(t ) f (| Z^- l d?°p\ Hh + \Z^~ 1 d?°9\ Hh )\Z a u ■ n\ Hi dadr 

J 0 

<5 [ \\S7( Pl 9)\\ 2 Hm _,dT + C s C m+2 tP(M m (t)). (3.1.39) 

Jo 

Therefore from (13 .1.39 1) and (|3.1.38D . we obtain that 

| [ [ (9Z a p + pZ a 9)Z a u ■ ndadr] < S f || V5 t m_1 (p, 9)\\ 2 dr + C s C m+2 tP(Af m (t)). (3.1.40) 
Jo Jdn Jo 


In order to estimate the first term on the RHS of (I3.1.36p . we use the following equation which 
is derived from (13.1.71) ^ i.e, 

n. n 

(3.1.41) 


divu = -2Z - “ . Vp. 


Applying Z a to (13.1.411) . one immediately obtains that 


Z a divu = -^Z a p t -yZ a Vp- Y C' a ^Z /3 (i)-Z 7 /9t - Y C a ,pZP(- n )-Z^p. (3.1.42) 


l4l>l>/3+7=« 


p 


l/3|>l,/3+7=« 


It is easy to get that 


J j - p Z a p- Z a p t dxdr> J JL\Z a p\ 2 dx- J \Z a p 0 \ 2 dx-CtP(N m (t )). (3.1.43) 
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Integrating by parts and using boundary condition (11.31) , one has 


e 


-uZ a p ■ Z Q V pdxdr = 


J j -uZ a p(yZ a p+[Z a y}p s jdxdT 


> -5 f II var*-V(r)|| 2 dr - C s tP{M m {t)). (3.1.44) 

JO 

It follows from Proposition 12.21 that 

| j J C at0 0Z a p- (z' 3 (i)-Z> t + Z^(-)Z^Vp)dxdr 

l/3|>l,/3+7=a 0 

<6 [ \\Vd?- 1 p(T)\\ a dT + CstP{AT m (t)). (3.1.45) 

J o 

Combining (13.1. 42D - (I3.1. 451) . one obtains that 
9Z a p ■ Z a drvudxdr 

> J Y p \Z a p\ 2 dx- J ^-\Z a P0 \ 2 dx-C6 ||Va t m -V(T)|| 2 dT - C s tP{M m {t)). (3.1.46) 
Substituting (13.1.461) and (13.1.401) into (13.1.361) . one gets that 
1 = J Z a \7{p6) ■ Z a u + pZ a dwu ■ Z a 9dxdr 

> j -^-\Z a p\ 2 dx — f -^—\Z a p 0 \ 2 dx — C6 J' \\Vd^- 1 (p,e)\\ 2 dr - C m+2 C 5 tP(Af m (t)) (3.1.47) 

In order to complete the estimates in (13.1.341) . it remains to estimate the terms involving 
Cf , i = 1 • • • 5. It follows from Proposition 12.21 and (|3.1.27p that 

V f \\C?\\ 2 dxdT<C[l + P(Q(t))} [ \\Vd™- l 9\\ 2 dT + CtP{M m {t)), (3.1.48) 

i=i Jo Jo 

Therefore, substituting (13.1.481) and (|3. 1.471) into (|3. 1.341) and using Cauchy inequality, one 
proves (I3.1.11D . Thus, the proof of the Lemma [3731 is completed. □ 

3.2 Conormal Estimates for divw, Vp and S79 

In order to use the compactness argument in the proof of the vanishing dissipation limit, one 
needs some uniform spatial derivative estimates. In this subsection, we shall get some uniform 
estimates on diva, Vp and V0. In fact, in order to get the uniform estimate of ||Vu||%m-i, one 
needs the uniform estimate of ||divu||-^m-i since we consider the compressible flow in this paper. 


Lemma 3.4 For m > 3, it holds that 


sup \\(divu, Vp, V0 )(t)|| 2 + e / ||Vdh/u(T)|| 2 G?T + «(e) / ||A0 (t)|| 2 <It 
0 <T<t Jo Jo 

< C{\\{dim 0 , Vp 0 , V6» 0 )|| 2 + fe 2 J || V 2 u(r)|| 2 dr + <hc(e) 2 J || VA0(r)|| 2 dr + C 3 tP(M n 
Proof. Multiplying (|3.1.7|) 2 by Vdivu, one has that 

J J ( put + pu • Vu) ■ \7divudxdr + J J Vp ■ \7divudxdr 

= — pe I I V x u> ■ S7divudxdr + (2p + A)e f || Vdivu|| 2 dr. 

Jo J Jo 


■ (3.2.1) 


(3.2.2) 
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< -- 


It follows from integrating by parts and the boundary conditions m that 

J J ( put + pu ■ V«) • S7 ddvudxdr = — j J ( pdwut + pu ■ V divu)divudxdr 
— / / (Vp • Ut + V(pu) f • \/u)divudxdr + / / p(u ■ S7)u ■ ndrvudadr 

Jo J Jo JdO. 

\ j p\drvu\ 2 dx + i J p 0 \divu 0 \ 2 dx + C[l + P(Q(t))} J \\(u t , V?r)|| 2 dr 

+ p(u ■ S7)n ■ udivudadr 

Jo Jo n 

p\divu\ 2 dx + ^ j p 0 \divu 0 \ 2 dx + C[l + P{Q(t))\ J \\(u t ,\/u)\\ 2 + \u\ 2 L2 dr 
< — ^ J p\divu\ 2 dx + ^ J po\divuo\ 2 dx + CtP(J\T m (t)). (3.2.3) 

By using the boundary condition ill.31) and integrating by parts along the boundary, one has 
that 


< -- 


V x u) ■ S7 drvudxdr = e 


nxu-V divudcrdr 


o Jdn 


= £ 


0 JdO 


(Bu) ■ H(X7divu)dadT = e / / (Bu) ■ Zydrvudadr < C 3 e / |w| i|divu| i dr 

Jo Jdn J 0 H2 H2 


<C 3 e 


[ ||rt||rri||divu|| ff ic?T < j f ||VdivM|| 2 dr + C 3 e [ ||(Vu, u)|| 2 dr. 

Jo 4 Jo Jo 


(3.2.4) 


Substituting (13.2.31) and (13.2.41) into (13. 2. 2D . one obtains that 


i J p|divw| 2 da; + ^( 2 /r + A)£ J || Vdivu|| 2 dT — R J J V(p 0 ) ■ Vdwudxdr 


- 2 Po\dwu 0 \ 2 dx + CtP(N m {t)). 


On the other hand, applying V to (l3.1.7D o yields that 


(3.2.5) 


pV(9 t +p(zi• V)V 9+p's/ divrt = K(£)AS79+eS7{2p,\Su\ 2 +\\divu\ 2 )- Vp-6» t +Vp-divu+V(pu)‘V6» . (3.2.6) 
Multiplying (I3.2.6D by one obtains that 

J J [pS79 t + p(u ■ V)V 0 ] • —g-dxdr + R J J pS7 9 ■ S7 divudxdr 

= k{e) J J A S/9 -^-dxdr + e J J S7(2p\Su\ 2 + A|divw| 2 ) • ^-dxdr 


X7f) 

(Vp ■ 9 t + Vp • divu -f V(pu)*V0) • —p-dxdr. (3.2.7) 

6 

For the first terms on the LHS of (I3.2.7D . it follows from integrating by parts that 

J o J[pVp t +p(u-V)V9] .™dxdr> J J^\ve\ 2 dx- j ^\V9 0 \ 2 dx-CtP(Ar m (t)). (3.2.8) 

For the last two terms on the right hand side of (I3.2.7D . it follows from the Cauchy inequality 
that 

pt j* rig rt r yQ 

J J y (2p\Su\ 2 + \\d\vu\ 2 ) ■-Q-dxdr + J J (Vp ■ 9 t + Vp • divu + V(pu)*V(9) • -^-dxdr 


<6e 2 \\S7 2 u\\ 2 dT + CstP{N m {t)). 

Jo 


(3.2.9) 
























17 


Using the boundary condition (11.311 -,. one gets that 


n(e) j VA 9 ■ ™dxdr = -k(e) J ^j^-dxdr + «(e) jf J A9^jf-dxdr 

+ k(e) f [ A 0 ^® n da dr < — ^/t(e) [ [ ^p—dxdr + Ck(e) I \ A9\ L 2dr + CtP(J\f m (t)) 
Jo JdQ v o J 0 J 0 J o 

r t 


<~k(e) J J ^j-dxdr+ Ck(e) J \\A9\\ H idr+ CtP{J\T m (t)) 

J J ^—^ L -dxdr + Sk(e ) 2 J || VA0|| 2 dr + CstP(Af m {t)). 


(3.2.10) 


< -4»(e) 


Substituting (I3.2.9I) - (I3.2.10I) into (13.2.71) . one obtains that 

J -^|V 9\ 2 dx + R J J pV9 ■ Vdivudxdr + — «(e) J J -— J— drrdr 

-|V0 o | 2 da; + U(5 [ e 2 ||V 2 w|| 2 + k{e) 2 \\ VA9\\ 2 dr + CgtP(N m (t)). 
i Jo 


P o 
20 o 


(3.2.11) 


Combining (13.2.51) and (13.2.111) . it holds that 

i J ^\V9(r)\ 2 + p\divu(r)\ 2 dx — R J J 0V p • V divudxdr 

+ £ J dxdr + |(2/x + A)e jf* || Vdiv M || 2 dr 

c{||(V0o,div Mo )|| 2 + d f £ 2 ||V 2 u|| 2 + K (£) 2 ||VA0|| 2 dr + C 5 tP(A7 m (t))}. 


< 


(3.2.12) 


Finally, it follows from (13.1. dll) that 


1 = - 


J J 0 V p ■ V Awudxdr > J — \X/p\ 2 dx — j -^-\'Vpo\ 2 dx — CtP(J\f m (t)). (3.2.13) 

Substituting (|3.2.131) into (13.2.121) . one proves (13.2.11) . Thus, the proof of Lemma [3771 is com¬ 
pleted. □ 

Next we consider the higher order estimates. Firstly, we estimate Z a divu for |ao| < m — 2 
with \a\ = m — 1 . 

Lemma 3.5 For every m > 3 and \a\ <m — 1 with |«o| < m — 2, it holds that 

sup \\(Z a divu, Z a \7pi VZ“0)(t)|| 2 + £ f \\VZ a divu(r)\\ 2 dr + k(e) I \\Z a A9(r)\\ 2 dr 
<r<t Jo Jo 

CC m+2 {U m (0) + (S + e) \\VZ m - 2 diwi{T)\\ 2 dT + 8 J || Vd?~ l {p, 9)(r)\\ 2 dr (3.2.14) 

+ 6 £ 2 ||V 2 w(r )||^ m _ 1 + K (£) 2 ||VZ m - 2 A0(r)|| 2 dr + e \\S7 2 Z m ~ 2 u(t )\\ 2 dr + C s tP(Nm(t))} ■ 

Proof. The estimate for |a| = 0 is already given in Lemma 13.41 Assuming that it is proven for 
|ck| < m — 2. We shall prove it for |a| = m — 1 > 1 with |oo| < m — 2. Multiplying (13. 1.221) by 
VZ“divtt yields that 

J J ( pZ a u t + pu ■ VZ a u) ■ V Z a divudxdr + J J Z a \7p • V Z a divudxdr 
= —pe J J Z a \/ x u> ■ X/Z a divudxdr + (2p + X)e J J Z a X7divu ■ X7Z a divudxdr 

+ J J(C? + c?) ■ VZ a divudxdr. (3.2.15) 


o< 

< 
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Since 


J J ( pZ a u t + pu ■ S7Z a u ) • V Z a divudxdr 

= — J J ( pdivZ a u t + pu ■ VdivZ a u)Z a divudxdT — J J (Vp • Z a u t + 'S/{pu) t ■ V Z a u)Z a divudxdr 


+ 


( pZ a ut ■ n + p{u ■ W)Z a u ■ n)Z a divudadr = I\ + I 2 + I 3 . 


/0 Jd n 

For 1 1 and I 2 , one can obtains easily that 

rt 


(3.2.16) 


h=- 


J J (pZ a divut + pu ■ S7 Z a d\vu)Z a divudxdr 


p[div, Z a ]u t + pimZyl + u 2 Z y 2 + 


<P(z) 


3 ) [di v,2“]uj 


Z a divudxdr 


< - 


J ^\Z a divu(t)\ 2 dx + J ^-\Z a divu 0 \ 2 dx + C 2 [l + P{Q{t))] J ||Vu||^m-idr, (3.2.17) 


and 


h < C[1 + P{Q{t))} f UVull^-idr, 
Jo 


(3.2.18) 


where <p(z) = Noting that Z a contains at least one tangential derivative Z y , integrating 
by parts along the boundary and using (12.611 . (13.1.371) . one has that 


h = 


f f [pZ a u t ■ n — p(u ■ V)n • Z a u + p{u -S7){Z a u ■ n)\Z a divudadr 
Jo Jon 

n [pZ a u t ■ n — p(u ■ V)n ■ Z a u + p(u\d y i + U 2 d y 2 )(Z a u ■ n)\Z a divudadr 
< C[1 + P(Q(t ))] f (| Z a ut ■ n\ Hi + \Z a u ■ n\ Hi + \Z a u\ Hh ) ■ \Z m ~ 2 dwu\ H ^r 

J 0 

<6 f \\\JZ m - 2 dYvu\\ 2 dT + C m+2 C 5 tP(Nm(t)). (3.2.19) 

Jo 

Substituting (|3.2.17p . (13.2. 18 j) and (13.2. 19 j) into (13.2.16j) . one gets that 

J J ( pZ a u t + pu ■ S7 Z a u)S7 Z a divudxdr (3.2.20) 

<— J ^\Z a divu(t)\ 2 dx + J ^-\Z a divuo\ 2 dx + 5 J ||VZ m_2 divM|| 2 dr + CsC m + 2 tP(J\fm(t)). 

By the same argument as Lemma 3.6 of [25] . one can obtain that 

e[ f Z a Vdivu ■ WZ a divudxdr > ^ [ \\VZ a divu\\ 2 dr - Ce [ || VZ m - 2 divu|| 2 dr, 

Jo J J Jo Jo 


(3.2.21) 


and 


— e 


> - 


Z Q V x lo ■ V Z a divudxdr 

t 


- \ \\VZ a dwu\\ 2 dT-C£ f ||VZ m - 2 w|| 2 dr -C m+ 2 tP(JVm{t)). (3.2.22) 

4 Jo Jo 


It follows from Proposition 12.21 that 


l|C“||i + ||C?||?dT <C(l + P(Q(t))) / P(U m (T))dr < CtP(U m (t)). (3.2.23) 

Jo 
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which, together with integrating by parts, yields that 
| J J(C? +C%)VZ a divudxdT\ 

J J (Cf +C%)ZX/Z a ~ 1 dwudxdT\ +C J o J (|C“ | + |C 2 “|)|VZ"" 1 divu\dxdT (3.2.24) 


< 


< 


J J ( \ZC?\ + \ZC%\ + |Cf I + |C 2 “|) • \S7Z^ddvuldxdr 

<6 [ \\V Z m ~ 2 dbfu \\ 2 dr + C f \\C?\\ 2 m + \\C %\\ 2 H1 dr < 5 I || V Z m ~ 2 dWu \\ 2 dr + CtP(M m (t)), 

Jo Jo co co Jo 

Substituting (I3.2.20I) - (I3.2.24D into (13.2.151) . one obtains that 

J ^\Z a divu{t)\ 2 dx - R J Z a 'V(p9) ■ W Z a diYudxdr + ^(2/x + A)e \\S7 Z a dwu\\ 2 dr (3.2.25) 
< j tj\Z a dwu 0 \ 2 dx + c {(6 + e)^ ||VZ m - 2 divu|| 2 dr + e J ||VZ m “ 2 w|| 2 dr + C m+ 2 CstP(U r 


Next we shall estimate the temperature part. Applying V to (I3.1.22|) 2 . one obtains that 
pVZ a 8 t + p(u ■ V)VZ Q 6 » +pVZ“divu - k(£)VZ“ A8 

= WpZ a e t + V(puf VZ a 8 + VpZ“divu + eVZ“ (2p\Su \ 2 + A|divu| 2 ) + V(C“ + C% + C£), (3.2.26) 

with \a\= m — 1 and |«o| < m — 2. Multiplying (13.2.261) by vz Q ad yields that 

/ pt p pt p f) 

J^\S7Z a 9\ 2 dx + R J J P X7Z a 0 ■ X7Z a divudxdT - «(e) J j VZ“A 6 >— — dxdr (3.2.27) 

J jvZ a (2p\Su\ 2 + \\dWu\ 2 )—y—dxdT + J j V(C 3 “ + C 4 “ + C^—^—dxdT + CtP(M m ). 


< £ 


It follows from integrating by parts that 


k(e) 


VZ“A6> 


VZ Q (9 


dxdr = — k(e ) 


Z a A 8 


A Z° 


1 r* r X 7 Z a 0 

-dxdr + k{e) J J Z a A9 ——— Wddxdr 


k{e) 


Z a A 6 


n ■ VZ a 9 


dadr < — 


3 k(e) 


o Jd n 


\Z a A9 \ 2 


n ■ vz a e 


dxdr + k(e) / / Z a A9 

v do Jdn 9 


dadr 


+ Ck(e) [ \\Z m - 2 A9\\ 2 dT. + CtP(Nm(t)). (3.2.28) 

Jo 


Noting that Z a contains at least one tangential derivative Z y , integrating by parts along the 
boundary yields that 


«oo i r / 

Jo Jd 
= k(e) 


n ■ VZ a 8 

Z a A 8 --- dadr 


o Jd n 

t 


Z a ~ l A 8 ■ 


o Jon 


Qz y (n ■ VZ a 9 ) + n ■ VZ a 8 Z y (^dadr 
< CP(Q(t))K(s) J \\\Z m ~ 2 A 8 \\\ 2 1| VZ m " 2 A 0 || \ 2 + ||Z m - 2 A 0 || i2 ] (|n • VZ a 9\ m + |n • X/Z a 9\ L ^dr 

r t |/3 0 |<m-2 t t 

<Sk{e) 2 ||VZ m - 2 A 6 »|| 2 dT+ V 5k{£) 2 ||Z / 3 A 6 »|| 2 dT + fc(e) / ||VZ m 6 »|| 2 dr 

Jo , 01 / 1 Jo Jo 


Cn(e) [ \\Z m ~ 2 A9\\ 2 dT + C s C m+ 1 tP(Af m (t)), 
Jo 


(3.2.29) 
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where we have used the following boundary estimates, for \a\ <mn — 1 with |ckqI < m — 2 , 


\n-VZ a e\ L 2 {gn) < CC m (uk + ||Z m - 2 A0||^Ad), 


I n-X7Z' 


*0 \ m{an) < C'C' m+ i(||V.Z"‘0||* + Ej?|<iTi 2 II^A0||3 )ms + Ad, 


(3.2.30) 


which follows from the boundary condition (11.31) and (12.61) . Substituting (13.2.291) into (13.2.281) . 
one obtains that 

r l r X7Z a 0 

— k(e) / / —-—dxdr 


> 


c( £ )y J \Z^e\^ dxdT _ ( j k ( £ )2 J ||vZ m - 2 A0|| 2 dr- j ||^A0|| 2 dr 


|/3 0 |<m-2 

E 

|/3|<m—1 


that 


-Me) f \\S7Z m Q\\ 2 dT — Cn(e) [ \\Z m - 2 M\\ 2 dr - C s C m+1 tP(Um(t)). (3.2.31) 

Jo Jo 

For the terms on the RHS of (I3.2.27p . it follows from Proposition 12.21 and Holder inequality 


J J VZ a ( 2 n\Su \ 2 + X\dwu\ 2 y^^-dxdT + ||(VC£, VC' 5 “)|| 2 dr < 5e 2 || V 2 u\\ 2 nm -idr 

+ C[P(M m (t)) + ||Vdivu||£»] [ P(U m (r)) + ||VZ m - 2 divn,Vdr- 1 (p,0)|| 2 dr + C 5 C m+ 1 tP(M m (t)) 

JO 

<6e 2 [ ||V 2 n|| 2 nm - 1 +CP(Af m (t)) f || VZ m - 2 divu, Vc> t m ~V 0 )\\ 2 dr + C s C m+ 1 tP(M m (t)), (3.2.32) 
Jo Jo 

where we have used the fact ||Vdivn||£oo < CP(J\f m (t )) which will be proved in Lemma [3.121 
below. For the term VC 4 , one needs to be more careful. First, one notices that 

2 

c l= Y Y C °‘’P Z 0 (P u ^ Z '" d v ie+ E C a ^ZP{pu-N)Z^d z e + pu-N[Z a : d z \e, (3.2.33) 

l/3|>l»/3+7=« *=1 |/8|>l,/8+7=a 

then, from Proposition 12.21 it holds that 


II V(pu • N[Z a ,d z \6) II 2 + Y [Y\\S7(ZP(p Ui )Z^d yi e)\\ 2 + II^W • S7Z?(pu • AT)|| ; 

l/3|>l,/3+7 =Q! i=1 


dr 


< C( 1 + P(Q(t))) f P(U m (r)) + WX/d^pfdT. 
Jo 


(3.2.34) 


\pu ■ N)VZ^d z e = Y Cp(z) 2 ^^TT-) ■ <p(z)VZ^d z 0, (3.2.35) 


For |/?| > 1, (3 + 7 = a, and \a\ = m — 1, one notices that 

pu- N , 

-’pK 2 )*' < 

P<P 

where C^(z) is bounded smooth function of z. If (3 = 0 and |y| < m — 2, one gets that 

f \\ZP(^ 7 ^).y(z)X/Z^ d z e \\ 2 dr < f \\p(z)\7Z^d z 9\\ 2 dr < CtP(N m (t)) : (3.2.36) 

Jo V(z) <P( 2 ) Jo 

If |/3| / 0, from Proposition 12.21 one obtains that 

f \\ZP(^j^)WZ^d z e\\ 2 dT <C(l + P(Q(t))) [ P(Af m ) + \\^-y -\\ 2 dr < CtP(N m (t)), (3.2.37) 
Jo <P(z) Jo ( P( 2 ) 
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where in the last inequality, we have used the Hardy inequality 


1^1 

ip{z) 


■ftm-l < C m+ l||Vu||^ m _l, 


(3.2.38) 


which has already been proved in page 543 of [16J. Then, combining (13.2.35I) - (I3.2.37D . one 
obtains that 


E 

l/ 3 l> 1 >/ 3 +7=“ 


II Z p (pu ■ N)S7Z^d z e\\ 2 dr < CtP(AT m (t)). 


(3.2.39) 


Thus, it follows from (13.2.331) . (|3.2.34l) and (|3.2.39p that 

f ||VC 4 “|| 2 dr < CP{N m (T)) [ || Vd^- 1 {p,e)\\ 2 dT + CtP(Af m {t)) (3.2.40) 

Jo Jo 

Substituting (13.2.3ip . (|3.2.32p and (13.2.401) into (|3.2.27l) and using Holder inequality, one obtains 
that 

«(e) r r \z°^ dxdT 


J ^\VZ a 9\ 2 dx + R^ J pS7Z a e ■ \/Z a dwudxdr + ^ J J ■ 

ft. ,-t \0 o \<m-2 

<CC rn+1 \\\X7Z a e 0 \\ 2 +SE 2 ||V 2 u||^ m _ 1 dr + Sk(e) 2 / ||VZ m - 2 A0|| 2 + ^ \\Z^A9\\ 2 dr 

"'° |/3|<m-l 

+ Sk(e) f \\VZ m 6\\ 2 dr + k(e) f \\Z m ~ 2 A9\\ 2 dr+ 6 f ||VZ m - 2 div«|| 2 + ||VS t m-1 (p, 0)|| 2 dr 

Jo Jo Jo 

+ C s tP(Af m (t))}. 

It follows from (13.2.251) and (13.2.41 j) that 

J ^\Z a dwu{t)\ 2 + ^\VZ a 9\ 2 dx + R^ J (pVZ a 9 — Z a 'V(p9)) ■ V Z a divudxdr 


(3.2.41) 


+ \{2^ + A)e jf || VZ“divu|| 2 dr + ^ jf J 

ft ft |/3 0 |<m-2 

< CC m+1 \Um{0) + Se 2 \\S/ 2 u\\ 2 nm -idr + 6k(e) 2 ||VZ m - 2 Ad|| 2 + ^ \\Z^A9\\ 2 dr 

+ 5k{e) f \\VZ m d\\ 2 dT + C [ K(e)||Z m - 2 A6»|| 2 +e||V 2 Z m - 2 u|| 2 dr 
Jo Jo 

+ {6 + e)J^ \\VZ m - 2 divu\\ 2 dT + 6 \\Vd™-\p, 6 )\\ 2 dT + C 5 tP(Af m {t))y (3.2.42) 
In order to close the estimate of (|3.2.42p . one notes that 

pX/Z a 9 — Z a X/{p9) = —9Z a X7p — p[Z Q , V]0 — ^ C a ,p(z p 0 ■ Z^S7p + Z p p • . (3.2.43) 


■dxdr 


l/3|>l>/3+7=a 


Since Z a ^ d™ 1 , it follows from (12.41) , (13.2.431) and integrating by parts that 
J J(p\7Z a 9 - Z a W(p9)) ■ WZ a divudxdr = j J ( pWZ a 9 - Z a V(p9)) ■ (z Q Vdivu + [W, Z a ]dWv^jdxdr 

> [ f (pS7Z a 9 - Z a S7(p8)) ■ Z a 'Vdwudxdr -6 f || VZ m - 2 divu|| 2 dr - C s tP(JV m {t )) 

Jo J Jo 

f f 9Z a Vp-Z a VdivudxdT-6 f ||VZ m - 2 divu|| 2 dr - C s tP(Rf m {t)) 

Jo j Jo 


> - 


Ca f} J 0 j z { zf<6 ■ zl ^P + zP P- zl ^ e ) •-Z“ _1 Vdivzi 


|jS|>l„S+7=a 


dxdr 


(3.2.44) 


> J J 9Z a Vp- Z Q V(^) + J J 9Z a V P - Z“V(^-^) - Cd J \\VZ m - 2 dWu\\ 2 dT - C s tP(Afm(t)). 
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where we have used (13.1.411) in the last inequality. For the first term on the right hand side of 
(13.2.531) . one notices that 

z“v(^) = iz Q v Pt + V c a , p zP(-)-z^p t + V c a>p z p pfZriv{-). (3.2.45) 

p p p p 

|/3| >1,/3+7=q: /3+7=q: 

Therefore, using (13.2.451) and Proposition 12.21 one has that 

/ / 0Z Q Vp- Z a V(^)dxdr < [ \Z a Vp\ 2 dx - [ ^-\Z a Vp 0 \ 2 dx + S [ ||Va ro “V|| 2 dr 
Jo J P J 2p J 2po J 0 

+ C s tP{N m (t)). (3.2.46) 

To estimate the second term on the RHS of (13. 2. 441) . note that 

Z Q V(--Vp)= Y —Z a Vd y ip+^—^-Z a d z X7p 


+ Y Y c a ,pzP(-)-z~>x/d y i P + Y c a , p z p pYL)-z'<d t vp 

i— 1,2 |/3|>l,/3+7=a |/3|>l,^-{-7=a 




+ 51 X] C a ,pZ^y{-)-Z^d yi p+ Y C a ,pZ 0 V(^)-Z^d z p. (3.2.47) 

i— 1,2 /3+7=a /5+7=a ^ 


Integrating by parts yields immediately that 

[ j 6Z a S7p- ( Y —Z a Vd y ip+^—^Z a d z \7p}dxdT 
J 0 J ■ -| o P P 


9Z a \7p ■ ( ^ -d v iZ a \/p+^-^d z Z a \/pJdxdT 


i—1,2 


u-N. 
P 

u-N 


6Z a \7p- ( ^ ^[.Z“V,d yi ]p + ^y^)[Z“,d z ]V/i)da:(ir < C 2 C 5 tP{N m {t)). (3.2.48) 
It follows from Proposition 12.21 that 

Y Y Ca ’P [ [8 Z a Vp- (z /3 V(— )■ Z^d v i P + Z 0 (— )■ Z^dyi^jdxdr 

i= l,2/3+7=a "'° P P 

- Y Ca ’P f [dZ a S7p-Z^(^-^-)-Z' 1 d z pdxdT<6 [ ||Vd t m_1 p|| 2 dr + C s tP(N m {t)), (3.2.49) 
a ._ Jo J P Jo 


0 + 7=01 


On the other hand, note that for \/3\ > 1, /3 + 7 = a, and \a\ = m — 1 

f u-N 
K PV{z) 


Z\^-) ■ Z 1 dN7 p = _ Y C o,,M^{^) • Z\Z^p\ 

4<4,7<7 


(3.2.50) 


where |/3| + I 7 I < m— 1, jyl < m — 2 and C a ^ ~(z) is some smooth bounded function of 2 . Using 
(13.2.501) and similar arguments as in the proof of (13.2.391) . one has that 


4<4>7<7 


C a - p -(z)ez a s7p ■ ze(Hy-) ■ z^d z v P dxdr 


(3.2.51) 


<c( f ||Z“Vp|| 2 dr)* • { Y [ \\Z 0 (^YL)-Z^d z Vp\\ 2 y <CC s tP(Af m (t)). 

\0\>\,0+7= a J ° P 

Combining (I3.2.47D - (I3.2.51D . one obtains that 

J j QZ a Xlp ■ Z Q V(^ • Vp)dxdr < C6 \\S7d™- 1 pfdr + C s tP(N m (t)). (3.2.52) 
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Then, substituting (13.2.461) and (13.2.521) into (13.2.441) . one obtains that 

J J(p\7Z a 6-Z a \7(pO)) ■ VZ a divudxdT < j ^|Z Q V p\ 2 dxdr - j ^-|Z Q V Po \ 2 dxdr 

-C8 f ||VZ m - 2 divu|| 2 dr - CS [ ||V<9 t m-1 p|| 2 dr — CgtP(J\f m (t)). (3.2.53) 
Jo Jo 

Substituting (13.2.531) into (|3.2.42D . we proved f|3.2.14D . Thus, the proof of Lemma [33] is com¬ 
pleted. □ 

In the proof of Lemma 13.51 we have used the fact |«o| < m — 2 in (13.2.191) and (13.2.291) . 
However, for the case Z a = 1 , arguments as ([3.2.191) and (13. 2. 291) are not available anymore. 

And we can obtain only the following weak estimate e||<9™ _ (divit, V/o)|| 2 , but the control of 
e 2 f 0 ||V3( n ~ 1 divM(r)|| 2 (ir is crucial for us to close the a priori estimation. 

Lemma 3.6 For every m > 1, it holds that 

sup (e\\(d 1 l n ~ 1 divu 1 V5 t m " 1 p)(r)|| 2 ') + + \)e 2 [ \\S7d ™- 1 divu(T)\\ 2 dr 

0 <r<t v ' Z JO 

< c{eUdr- 1 dim 0 ydr- 1 Po )\\ 2 + j Q W^Vefdr + C s C m+ 1 tP{Um{t))). (3.2.54) 

Proof. First, it follows from the boundary condition (11.31) that 

n-d™- l u = 0, n x 5 t m_1 w = [B5 t m_1 u]r, n • S/d^d = (3.2.55) 

Multiplying (!3.1.22K 1 (with Z a = d™) by eVdivcl™ -1 ^, one obtains that 

e J J{pd™- 1 ^ + pu ■ yd™- l u)Vdivd] n ~ 1 udxdT + e J J d™~ 1 '\7p ■ X/&\vd] n ~ 1 udxdT 

= — p,E 2 f f V x ■ Vdiv<9™ ~ 1 udxdr + ( 2 p + A)e 2 f ||Vd( 7l “ 1 divu|| 2 dr (3.2.56) 

Jo J Jo 

+ ej^ y'(C 1 “+C 2 Q )Vdiv5 t rn_1 M. 

It follows from (13. 2. 551) and integrating by parts that 

e 2 | f j V x ■ Vdivd™~ 1 udxdT\ = e 2 \ f f n x • n(Vdiv3™ _1 u)dcrdT| 

Jo J Jo JdQ 

< Cs 2 'J* \n x • lar-'divu^jdr < CC 3 £ 2 J* \dT~^\ H i ' 

<±e 2 f ||Var _1 di vu\\ 2 dT + CC 3 tP(Af m (t)). 

16 Jo 


(3.2.57) 


and 

nt 


{pd™ 1 u t + pu ■ S7d™ 1 w)Vdivi9( Tl 1 u = — e 


(pd™ x di vut + pu-Vd™ 1 divu)div9™ 1 u 

t 


— £ f f (V p ■ d™ 1 u t + V(puY ■ V3™ 1 u) div<9™ 1 udxdr — £ f f p(u-'V)n-d ™ 1 ud™ 1 divudcrdT 

Jo J Jo JdQ 

< — £ J ^\d™~ 1 diwu[t)\ 2 dx + £ J ^-\d™- 1 divuo\ 2 dx + CtP(J\f m (t)) 

+ C[l + P{Q{t))}£ f WdT-'uWHd^-'uWi, • ||a t m " 1 di V u||| 1 ||a t m " 1 di V u||^dr (3.2.58) 

<—£ J pld™- 1 drvu(t)\ 2 dx + e J po\d™~ 1 divuo\ 2 dx + -^£ 2 J || V9™ _1 divM|| 2 dr + CtP(Af m (t)). 
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— £ 


= — £ 


> £ 


Using (13.2.23P . one obtains that 

e\ f f(C?+C2)Vdivd™~ 1 udxdT\<[ \\X/d™- 1 &Wu\\ 2 dr + C ( ||(C 1 Q ,C 2 “)|| 2 dr 
^0 ./ J0 Jo 

< — e 2 / ||V3™ _1 divu|| 2 c?T + CtP(M m (t)). (3.2.59) 

16 Jo 

Substituting (I3.2.57I) - (I3.2.59I) into (13.2.561) . one gets that 

e J ^|5 t m_1 divu(t)| 2 da;-£i?^ J d t m_1 V(/^) ■ Vdwd^udxdr 

+ ^(2/i + A)e 2 f || V<9™ _1 divu|| 2 c?T < e f ^-\d] n ^ 1 d\wuo\ 2 dx + C$tP{N m (t)). (3.2.60) 

4 jo j 2 

Finally, it follows from (|3.1.41[> and the Cauchy inequality that 

: J J <9™ _1 V(p0) • Vdivd™- 1 udxdr 

: J ^ y j#<9™ _1 Vp + [3™ _1 V(p0) — 0d™ _1 Vp] jvdivd™ _1 udirdT 

: y L\ d ™-'Vp\ 2 dx-e J ^-\dr 1 ^Po\ 2 dx~^ + X)e 2 J'wvdr^dwufdr 

-C [ ||d™ _1 V0|| 2 dr — Cm+itPiAfmit)). (3.2.61) 

Jo 

Substituting (13.2.611) into (13.2.601) . one proves (13. 2. 541) . Thus, the proof of Lemma l3(6l is 
completed. □ 

Usually, it is hard to obtain the uniform estimate for the term ||V3” l_2 divu|| 2 dr since it 
involves two times standard space derivatives. But we observe that diva can be expressed by 
some good terms by using the mass conservation law. 

Lemma 3.7 For every m > 3, it holds that 

/ ||VZ m - 2 dz TO (r)|| 2 dr < C [ ||V 0?~ l p{r)\\ 2 dr + C m tP(Af m (t)), 

Jo Jo 

£ 2 [ ||V 2 Z m - 2 U (r)|| 2 dr < C m tP{U m {t)), 

Jo 

k(£) 2 f \\S7Z m - 2 A9(T)\\ 2 dT<CP(Af m (t)) f 1 + \\Vd?-\p,6)\\ 2 + £ 2 \\V 2 u\\ 2 Hm - 2 dT, (3.2.64) 

Jo Jo 

k (£) 2 f ||dr _1 A0(r)|| 2 dr < CtP(N m {t)). 

Jo 


(3.2.62) 

(3.2.63) 


Proof. Applying VZ a to (13.1.411) with |a| < m — 2, one has 

VZ“divu = —VZ“(ln p) t — V Z a (uid y i In p) — S7Z a (u ■ Nd z lnp). 
By using Proposition 12.21 it is easy to obtain 


(3.2.65) 


(3.2.66) 


[ ||VZ“(lnp)(|| 2 + \\X/Z a (v,id y i lnp)|| 2 dr < C / || S/d^pfdr + CtP(Af m (t)), (3.2.67) 

Jo Jo 


and 


< 


\X7Z a {u- Nd z \np)\\ 2 dT < / \\S7{u-N)-d z lnp)\\l im . 2 dT + 


,u- N 

" <p{z) 


) • Z 3 Vlnp)||^ m _ 2 dT 


C[P(Af m (t)) + sup ||^4ni-] f (P(A7 m (r)) + ||^|& m _ a )dr < C m tP(U m (t)). (3.2.68) 
o <r<t y{z) Jo V ip(z) n J 
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where the hardy inequality was used in the last inequality of (13.2.6811 . Combining (13. 2. 661) - 
(13. 2. 681) . we obtain (13.2.621) . 

Note that 

A = (1 + \Vip\ 2 )d zz + ^2 ( d l* ~ d y i(ditpd z ) - ditpd z d v i ), (3.2.69) 

i= 1,2 

which, together with (|3.1.7jl 2 . yields that 

e 2 /' ||V 2 Z m - 2 M (r)|| 2 dr < Ce 2 J* \\Z m ~ 2 d 2 u(r)\\ 2 dT + C m tP(U m (t)) 


to 


<Ce 2 / ||Z m - 2 A^(r)|| 2 dr + C m tP{AT m (t)) 
Jo 

nt 


< Ce- 


Jo 


“VdivM(r)|| 2 dr + C m tP(J\f m (t)) < C m tP(Nm(t)). 


(3.2.70) 


Thus, one obtains (13.2.6311 . It follows from (12.41) . (13.2.621) . (13.2.631) and (13.2.2611 (with |ct| = m— 2) 
that 

k(e) 2 I ||VZ m - 2 A0|| 2 dr < C(1 + P(Q(t))) f ||VZ m - 2 div M || 2 + ||Vd t m_1 0(T)|| 2 + P(Ar m (r))dr 
Jo Jo 

+ C(l + P(Qm f e 2 \\V 2 u(r)\\ 2 Hm . 2 dT + /'|| V(C 3 “,C 4 “,C 5 “)(r)|| 2 dT 
Jo Jo 

<CP(Nm(t)) [ \\Vd^~ 1 (j>,e)(T)\\ 2 dT + CtP(N' rn (t)), 

Jo 


(3.2.71) 


which yields (13.2.641) . Finally, it follows from (12.41) and (13.2.261) with Z a = d™ 1 that 


k(e) 2 [ ||9 t m_1 A0|| 2 dr < C(1 + P(Q(t))) [ P(Af m (r))dr < CtP(M m (t)), (3.2.72) 

Jo Jo 


which yields (13.2.651) . Therefore, the proof of this lemma is completed. 


□ 


Due to the difficulty on the boundary estimates, it is hard to get the uniform estimates on 
sup 0<T< t ||<9™ -1 V(p, 0)||. However, the uniform estimate on J* \\S7d] n ~ l (p, 6)\\ 2 dr is possible, 
which is crucial for us to close the a priori estimates. 

Lemma 3.8 It holds, for m > 3, that 

sup (e\\Vd™- 2 divu(t)\\ 2 + K(e)||5 t m_2 A0(r)|| 2 ) + f IIW^, V d^ 1 p){r)\\ 2 dr 
o <r<t v > Jo 

c{M m (0) + tP(M m 


< 


(3.2.73) 


Proof. Multiplying (13.1.22|) 1 (with Z a = d™ x ) by V3™ 2 divu, one obtains, by using (12.41) . 
that 


i(2/z + A)e|| Vd™ _2 divu(t)|| 2 — R j Vd t m_1 (p6») • \7d™~ 2 dWudxdr 


< -( 2 /x + A)e||V9 t m_2 divu 0 || 2 + CtP(Af m {t)), 


(3.2.74) 


where we have used the following facts 


: J J S/d^dWu-Vd^divudxdr = ^e\\V d?~ 2 dwu{t)\\ 2 - ^e\\S7d™~ 2 divu 0 \\ 2 , 
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and 


— [is JJ V x d™' 1 uj ■ Vd™ 2 divudxdr = —[is J j n x d™ 1 u> • II(Va™ 2 divzt)dxdr 
< Csj* Idr^l^ldr^ivul^dr < Ce j* Wdr-'uW^Wdr-MivuWnidT < CtP{ 


On the other hand, multiplying ()3.2.26p fwith Z a = d™ ) by —^— and using (12.41) . one 
obtains immediately that 


t /» pt p pt 

^\X/d™~ l e\ 2 dxdT + R / pV<9 t m-1 (9 • V d^~ 2 dwudxdr - k(e) 


Ifl 

VdP~ 2 A9 • 4 dxdr 


< 


\j j fyVd?-H\ 2 dxdT + CP{N m {t)) j E 2 \\W 2 u\\ 2 Hm - 2 dT + CtP(U m (t)). 


(3.2.75) 


Combining (13.2.741) . (13.2.751) and using (13.2.631) . one gets that 


va t m_1 d , , 

-—- dxdr 


+ A) £ ||Vdr- 2 div M (t)|| 2 + \f J f ivap-^l 2 dxdr - k(e) J* J Vdr 2 A 0 

+ R J o J[pVd^d - Va™” 1 ^)] • Vd™~ 2 divudxdT < AT m (0) + CtP(M m (t)). (3.2.76) 


(3.2.77) 


(3.2.78) 


In order to estimate the terms on the LHS of (13.2.761) . we first note that 

pvar-'o- var~V) = -6»var - V- pr -1 ,p]V 0 - W-\e]v P , 

and 

va t m “ 2 di VU = -a t m ~ 2 v(^) - y dr~ 2 v( Ul ' dyip ) - dr~ 2 v( u ' NdzP ). 

P p p 

Then, using (|3.2.77D . (I3.2.78p . (12.41) . and after some tedious calculation, one obtains that 

R L J ][pWd ^~ l6 ~ • Va t m_2 div M dxdr 

>l R [ [-\Vd?~ 1 p\ 2 dxdT- <5i / || Va( n_2 divu|| 2 dr — Cs 1 tP(Af m (t))- (3.2.79) 

o Jq J P Jo 

It follows from the trace theorem, (I3.2.55P and integrating by parts that 


4/1 m —2 a /i va t m_1 0 J , 

m 2Afl 4 dxdr 


- «(e) / / Va t m_2 Ad ■ 


= *(e)/ /a t m - 2 Ad-( 


9 


Ad^e vd • var -1 ^ 


6> 0 2 

|ar- 2 Ad 0 | 2 


) dxdr — vk(e) d t 

' Jo Jon 


a m—ln 

m ~ 2 A9 ■ 4 


dcrdr 


20q dx - CtP{Mm{t)) -JqJ f f I Var-^pdxdr 


.. r |a t m_ 2 Ad| 2 , ., r 

> K 0) J -20- J 

-Ck(s)J* (||var- 2 Afl|| 3 ||Aar- 2 0 ||U||Aar- 2 0 ||)(||var- 1 fl||’||ar" 1 « , ll i + ||ar 1 0||)dr 


>«(<0 J W w A °\ ds-«( £ ) j W ^ dx ~lf 0 J - e \ var-^| 2 dxdr 

— Sk(e ) 2 f \\Vd™- 2 A9\\ 2 dT-C s tP{Nm(t)). (3.2.80) 

Jo 
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Substituting (13.2.801) and (13.2.791) into (13.2.761) . one obtains immediately that 
£ |ivdr- 2 divu(t)n 2 + K ( £ )\\dr 2 m)\\ 2 + f p) n 2 ^ 

< c{A7 m (0) + S K (e ) 2 J ||Vd t m “ 2 A0|| 2 dr + C5 1 J || Vd^dwufdr + Cs u stP(Af m {t))} (3.2.81) 

< C{.AU0) + <*i j^ || VdT^pfdT + 6P(Af m (t)) J* \\Vd?-\p, 0)\\ 2 dr + C Sl , s tP(AT m (t))}, 

where we have used (I3.2.62p . (|3.2.64l) in the last inequality. Setting 5 = 5iP(Af m (t))~ 1 and 
taking <5i suitably small, one proves (13. 2. 731) . Thus, the proof of Lemma 13.81 is completed. □ 

Since the estimate in Lemma 13.61 is not enough to support us to get the uniform estimate 
for 'S7d 1 t n ~ l u, so we need some new estimate on ||<9J n “ 1 divu||. Fortunately, we have the following 
subtle control about ||<9™ _1 divit||: 

Lemma 3.9 Let us define 

A m (t)±\\( P ,u,o)\\ 2 nm + y n^v(p,0)ii^ o + y ii^ Vm ii ko- ( 3 - 2 - 82 ) 

|/3| <m—2 \0\<m—2 

Then, for every m > 3, it holds that 

Wd™- 1 divu{t)\\ 2 < C 2 |?(A m (t)) + P(Q(i))}. (3.2.83) 

Proof. Since the proof is the same as the one in [25] . we omit the details for brevity. 

Remark 3.10 We point out that it does not contain the terms \\S7(p,u,6)\\ in the right 
hand side of (13.2.831) . The estimation of Q(t ) will be given in section 3-4 below. This key 
observation allows us to obtain the uniform estimates for || V<9(" _1 w||. 


3.3 Normal Derivatives Estimates 


Similar to the corresponding part in [25], in order to estimate ||Vu||^m-i, it remains to es¬ 
timate \\xd n u\\^m-i, where x is supported compactly in one of the klj and with value one 
in a neighborhood of the boundary. Indeed, it follows from the definition of the norm that 
WxdyiuWy^m-i < C||u||%m for i = 1 , 2 . So it suffices to estimate \\xd n u\\urn-i . 

Note that 

divu = d n u ■ n + (II<9 y iu)i + (n<9 y 2M) 2 . (3.3.1) 

and 

d n u = [d n u ■ n]n + H(d n u), (3.3.2) 

where II is defined in (11.111) . Thus it follows from (13.3.11) and (13.3.21) that 

\\xd n u\\ H m-i < ||(xd„u-n,xn(S n u))|| W m-i < C m {||xdivu|| W m-i + ||xn(d„u)|| W m-i + ||u|| W m|. (3.3.3) 


Thus it suffices to estimate ||xll(<9 n u)||^m-i, since ||u||%m and ||xdivu|| W m-i have been estimated 
in section 3.1 and section 3.2, respectively. We extend the smooth symmetric matrix A in (11.31) 
to be 

A{y,z) = A(y). 


Define 

g = x(fiJ x n + Il(ilu)^ = x(n(u; x n) + n(Pu)^. (3.3.4) 

The i] defined here, which enables one to avoid to estimate V 2 p, is different slightly from the 
one in [16] . Then in view of the Navier-slip boundary condition (11.31) . 77 satisfies: 


v\du = 0 . 


( 3 . 3 . 5 ) 
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Since u; x n = (Vit — (Vit)*) • n, so r/ can be rewritten as 

t) = x{n (d n u) - n(V(u • n)) + n((Vn)‘ • u) + n(Su)}, 
which yields immediately that 

||xn(a n u)|| W m-i < C m+1 (\\y\\ Hm -i + ||u|| w ™). 


(3.3.6) 


(3.3.7) 


Hence, it remains to estimate ||p||%m-i. In fact, one can get the following conormal estimates 
for 7]: 

Lemma 3.11 For every m > 3, it holds that 
sup ||r?(r)||^ m _i +e [ ||Vr7||^m-idr < CC m+2 \P(J\f m (0)) + de 2 [ ||V 2 it||^ m -idr + C s tP(AT„ 

0 <r<£ Jo ^ Jo 


(3.3.8) 


Proof. Notice that 

V x ((it • V)u) = (u ■ V)w — (u ■ V)u + divu • u, 
so oj solves the following vorticity equation 

put + p(u ■ V)w = peAu + Pi, 

with 

Pi = —Vp x ut — Vp x (it ■ V)it + p(u ■ V)it — pdivitw. 
Consequently, we obtain that rj solves the equation 

pry + puidyir) + pu 2 d y 2 y + pu ■ Nd z r] — peAy 

= X [Fi x n + n (BF 2 )} + x(F 3 + P 4 ) + P 5 + eA(ILB) -u±F, 


(3.3.9) 

(3.3.10) 

(3.3.11) 


where 


F 2 = (2 p + A)eVdivu — Vp, 

F 3 = —2 p 1 edjU x djn — peu x An + YJi—i puiU x <9 y «n + pu ■ Nu x d z 

- Ei=i puiR(d y iB -u) + pu- NU(d z B ■ it)] + pY?j =i en(dj-Bdju), 

Fi = - Yj= i pui(d y iU)(Bu) - pu ■ N(d z Il)(Bu), 

F 5 = pvidyix ■ (u x n + U(Bu)) + pu ■ Nd~x ■ iu x n + n(Pu)) 


(3.3.12) 


— 2pYlj=i £ djX<Jj( UJ X n + n(Pit)) + epAx ■ (u x n + II(l?it)). 

Let us begin with the proof of the L 2 -energy estimate. Multiplying (13. 3. Ill) by rj, yields that 
sup I p\y\ 2 dx + 2e [ ||Vp|| 2 dr < f po|po| 2 da; + f f Fydxdr. (3.3.13) 

o <T<tJ Jo J Jo J 

To estimate the terms on the RHS, note that 

f ||xn(PL x n)||^ m _ 1 dT < C m P{Af m (t)) f ||Vd™ -1 (p,0)(r)|| 2 dr + CP(J\f m (t)), (3.3.14) 

Jo Jo 

J* ||xn(PF 2 )||«m-idT < C m+1 { J* P(M m ) + \\Vdr-\p,9)W 2 dT + e 2 J* || X Vdivull*"-^}, (3.3.15) 

J WxFsWnm-idr < C m+2 {£ 2 \\ X V 2 u\\ 2 Hm -,dT + tP{U m {t))}, (3.3.16) 

[ ||x^4||wm_idr < C m+2 tP(N m (t)). (3.3.17) 

Jo 
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Since all the terms in F§ are supported away from the boundary, one can estimate all the 
derivatives by the || • ||ym norms. Therefore, it is easy to obtain 



||T 5 ||^ m _idT < C m +1 




(3.3.18) 


Finally, by integrating by parts, it is easy to obtain, for \a\ <m — 1, that 


[ [ £Z a (A(UB)-u)-Z a r,dT<d£ f \\VZ V \\ 2 dT + C m+ 2 tP(Af m (t)). 
Jo J Jo 


(3.3.19) 


Consequently, substituting these estimates into (I3.3.13|) and using the Cauchy inequality, one 
has that 


sup 

0<r<£ 


p\rj\ 2 dx + 2e J ||Vr?|| 2 dr< J p 0 \r/o\ 2 dx + C m + 2 ^S J ||Vd t m l (p, 6»)(r)|| 2 dr 

+ Se 2 f ||xV 2 u||^m-ic?T + CstP{M n , 

Jo 


(3.3.20) 


Thus, we proved (13.3.81) for k = 0 by using Lemma [3781 

To prove the general case, let us assume the (13. 3. 81) is proved for k < m — 2. We apply Z a 
to (13.3.111) for |a| = m — 1 to obtain that 


pZ a p + p{u ■ S7)Z a p - p £ Z a Ar 1 = Z a F + C“ + C“, 


(3.3.21) 


where 


f C? = -[Z a ,p]Vt = £| 0 | zu-^CajZPpZirH, 

c 2 “ = - E W >i,p +J=a C a ,pZ^p Ui )ZW yiV - E|/3|>i >/3 + 7 =a C a ,pZ?(pu ■ N)ZW z r, 
- p(u ■ N ) E|/3|<m-2 Cp(z)d z Z^r], 


(3.3.22) 


where Cp(z) is bounded smooth function of z. Multiplying (13. 3. 211) by Z a r] and using (13.3.141) - 
(13.3.181) . one obtains that 

sup f —p\Z a r]\ 2 dx < p£ f f Z a Ar/Z a pdxdr + f —po\Z a po\ 2 dx + f ( (C“ + C 2 )Z a r]dxdT 
o <r<tJ 2 Jo J J 2 Jo J 

+ C m+ i{fe 2 J \\xV 2 u\\ 2 nm -idT + 5 || Vd?-\pM\ 2 dT + C s tP(M m (t))}. (3.3.23) 

By the same argument as Lemma 3.12 of [22] > one can gets that 


£ JZ a A V Z a r)dxdT <-\p£ J \\VZ a p\\ 2 dT + C£ IIV 77 II 2 Hm -*dT + C m+ 2 tP(Mm{t)), (3.3.24) 
and 

fm,c%)tdT 8 C m _)_2 [1 + P(Q(t))] f P(Af m (r))dr < C m+2 tP(U m (t)). (3.3.25) 
Jo Jo 

Substituting (13.3.241) and (13.3.251) into (13.3.231) and using Lemma 13.81 one obtains that 

sup [ p\Z a p\ 2 dx + p£ [ \\S/Z a p\\ 2 dr <C m+2 { [ p 0 \Z a r] 0 \ 2 dx + £ [ || Vr/||^ m _ 2 dr 
o<r<t J Jo ^ J Jo 

+ 6e 2 ||V 2 u||^ m _ 1 dT + C 5 tP(A/ m (t))}. (3.3.26) 


By using the induction assumption, one can eliminate the term e fg ||V?/||^ m _ 2 dr. Therefore, 
the proof Lemma 13.111 is completed. □ 
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From (13.3.11) . (13. 3. 2D and (I3.3.7D . it holds that 

m —2 

55 ll^ V «llk - C '™+l(ll U Hw m + h\\u™- i + 51 ll 9 t fedivU Wllm-l-fc)> 

|/3| <m —2 /c —0 

J ||V 2 it||^ m _idr < C m+ 2 J (||Vu||^ m + ||V77||^ m _i + ||Vdivu||^ m _i +P(A/ m )^dr,, 


(3.3.27) 

(3.3.28) 


m —2 


l—S f z 

55 / ||V 2 5M|^_ 1 _ fe dr 

fe =0 "'° 

<C m+ 2 / ||Vu||^ m + ||V? 7 ||^ m -idr + J5 / II^Vdivu||^_ 1 _ fc dr + 7P(A7 m )i, (3.3.29) 

ef \\S7 2 Z m ~ 2 u\\ 2 dT < C m+ i£ f \\W V \\ 2 Hm . 2 dT + C m+1 tP(U m ), (3.3.30) 

Jo Jo 

where (I3.2.62D are used in the estimate of (I3.3.30D . Setting 5 = 5iP(Af m (t))~ 1 and taking di 
suitably small, then it follows from (|3.1.2ip . (|3.2.14p . (|3.2.54p . (I3.2.73D . (I3.3.8p . (|3.3.27D - (I3.3.301) 
and Lemma HO that 


sup {A m (r) + ||r 7 (r)||^ m _ 1 + £ ||dr- 1 (Vp,divu)(r)|| 2 + e ||Vdr- 2 divu(r)|| 2 + K ( £ )||ar- 2 A0(r)|| 2 } 

pt f*t pt ^ ^ 

+ / l|Vd t m_1 (p,6')('r)|| 2 dr + / £ ||Vu(r)||^ m + K( £ )||V6»(r)||^ m dr + £ / ^ ||d f fc V 2 u( 

Jo Jo Jo _ q 

ft m—2 

+ «( £ ) / E ||d t fc A0(r )|| 2 m _ 1 _ k dr + / e 2 ||V 2 ar- 1 u(T)|| 2 + «( £ ) 2 ||dr- 1 A0(r)|| 2 dr 

n JO 


i—l—k 


k—0 


< 


CC m+ 2^J\f m (0) + tP(Af m (t))}, for TO > 3. 


(3.3.31) 


3.4 L°°-Estimates 

This section is devoted to estimate L°°-norm parts contained in (11.151) . However, it is not easy 
to get such estimates because the equations of p, u, 6 are strongly coupled and the viscosity and 
heat conductivity are not at the same order. Actually, if one estimate ||Vp||-pi,oo directly, then 
the high order term j ^ || V0||^2,oodr must appear, and it is very hard to control such a term. To 
overcome the difficulty, instead, we try to estimate the L°°-norm of V(p0),Vu and V67 Firstly, 


we have the following useful Lemma: 

Lemma 3.12 For every |a| > 0, it holds that 

II Z a (p, 9 , u)||£~ < CP(A m (t)), for to > 2 + M, (3.4.1) 

II'< r 3 (ll V(p0)||^i,~ + ||-V0|&i.o=) • P(A m (t)), for TO > 5, (3.4.2) 

Q(t) < C' 3 {||Vu ||^ 1 , 0 0 + e ||d 2 u||| 0 o + ||V(p0)||^i.„ + ||V 0 ||^ 1 ,„ +P(A m (t))| for m > 5. (3.4.3) 

||dzuu||^i,o= < C 3 P(A m (t))[l + ||V(p0)||^i,oo + ||V0||^i t oo], for m > 4, (3.4.4) 

IIWW 112 , jc 3 P(Q{t)), , . 

11 * IL “ - {c 3 [P(||Vp||^ 1 , 00 )+P(||Vu|| 2 , 1 , 00 ) + P(A m )], fmm ~ ' 

||Vd*vu||^i,oo < C {l|V(p 6 ) )||^ 2 .cx J + ||Vd||^ 2 ,oo + P(A m (t)) + P(Q(7))|, for m > 6 , (3.4.6) 
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Proof. The proof of (13.4.11) is an immediately consequence of (12.51) . we omit the details here. 
Notice that 


Vp 


v(pfl) 

e 



(3.4.7) 


which immediately implies (13.4.21) . Using (13.4.11) and (13.4.21) . we immediately obtain (13.4.31) . 
Using (13.1.411) . (13.4.1 D . (13.4.21) . ([1.41^ and the facts that 


diva = 9 1 [6 t + (a ■ V)0] — p 1 [p t + (a ■ V)p], (3.4.8) 

Vdiva = 9~ 1 \S76 t + (a ■ V)V0] — p~ 1 [S/p t + (a ■ V)Vp] — p~ 1 \7pdivu 

+ Rp-^plOt + (a ■ V)0] + (T 1 Va ■ S76 - p ~ v Va ■ Vp. (3.4.9) 


it is easy to prove (I3.4.4p ~ (|3.4.6l) . For simplicity, we omit the details here. Therefore, we 
complete the proof of lemma 13.121 □ 


Remark 3.13 Lemma YS. 1 2\ imvlies that one needs only to estimate ||V(p0)||^i e||V(/j0)||^ 2 

l|V0|& llOO , ||Vii||^ l00 and eH^^llloc.• Indeed, it is crucial to estimate ||V(p0)||-^i,oo but not 
l|Vp|k l,oo . We also point out that the condition (11.201) will be used repeatedly to control the pos¬ 
sible interaction between the viscous and the thermal boundary layers in the following analysis. 


Uniform Estimate for ||Vp||^i j00 and £||Vp||^ 2i00 : 

Firstly, we have the following lemma which will be used to prove (13.4. 121) below. 
Lemma 3.14 Assume (11.201) holds, one has, for m > 6, that 

£ J \\dzzU\\ H i,°odT < C m+ 2 {A m (0) +tP{AT m (t))}. 


(3.4.10) 


Proof. Then, it follows from the momentum equations (ll.HU . (12.51) (13.2.691) . (13.3.311) and (13.4.61) 
that 


[ \\d zz u\\ n i,°°dT < C 3 [ P(M m ) + e\\VdWu\\ H i,^ +e\\S/u\\- H 2,^dT 
Jo Jo 


<C 3 tP{U m ) + C 3 e / \\S7(8,u)\\ H 2,~dT < C 3 tP(Mm) + c 3 e / || V 2 Z 2 (0, a)^ || VZ 2 (0, a)||^ 2 dr 


< 


C 3 tP(Mm) + C 3 e 4 j ||(V 2 a, A0)||^adT < cc m+2 {u m (0) + 


(3.4.11) 


where we have used the (11.201) in the last inequality. Thus, the proof of Lemma l3.14l is completed. 

□ 


Lemma 3.15 Assume (11.201) holds, one has, for m > 6, that 

||Vp||^i,.+e||Vp||^.oo + \\^p\\H 2 ^dT < C m+2 {p(Af m m + tP(Af m (t))Y (3.4.12) 

Proof. Note that 

||Vp||^+ £ ||Vp||^ + f ||Vp||^,.dr 

Jo 

< CC m +2^P(A.m{t)) + tP(J\f m {f)) + e||9 n p||^2,cxj + J ||d ra p||^2,oodr|, (3.4.13) 

therefore, one needs only to control £\\d n p\\^ 2 ,oo + /o \\d n p\\ 2 H 2 ,oodT. Substituting (13.1.411) into 
(I3.1.7IU . one can obtain that 

1 'LL 

(2p + A)e[Vp t + (a • V)Vp] + pVp = -p 2 a - pepV x u> — (2p, + A )ep[S7{-)p t + V(-) • Vp], (3.4.14) 

P P 
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where u = ut + {u ■ V)u. It follows from (13.4.711 that 


Vp t = jV(p0) t - jQ0tV(p0)+ptV0 + pV0 t ~ %V00t), (3-4.15) 

and 

(u • V)Vp = i(u • V)V(p0) - i (v(/>0)(^ • V)0 + V0(u ■ S7)p + p{u ■ S7)V0 - ^V0(u • V)fl). (3.4.16) 


Substituting (13.4.151) and (13.4.161) into (13.4.141) . one can obtain that 
(2 p + A )e\S7p t + (u ■ V)Vp] + pVp 


-ppu - pepS7 x w - ( 2p + A)e{p[V(±)ft + V(^) • Vp] - (±0 t Vp + Rp t V0 + RpV0 t - i?^V00 t ) 
(Vp(^ • V)0 + i?V0(u • V)/o + Rp(u • V)V0 - i?|v0(u • V)0) } = ppu - pepS7 x u + 1. (3.4.17) 


Then, it follows from (13.4.17[> that 

(2 p + A )e[d n p t + (u ■ V)d n p\ + pd n p 

= — ppu • n — pep(n • V x oj) + I ■ n + (2p + A )eS7p • (u • V)n = J. (3.4.18) 


Define 

h 4 z a d n p , (3.4.19) 

then, applying Z a with |a| < 2, one can obtains that 

(2/r + A )e[h t + {u ■ V)/i] + ph = Z a J - (2p + A )e[Z a ,u ■ V]d n p - [ Z a ,p\d n p = K. (3.4.20) 

It is convenient to consider the above equation in the Lagrangian coordinates 

h(t, 0 = h(t, X(t, 0), p(t , 0 = P(t, X(t, £)), £(t, o = if(t, X(t, 0), (3.4.21) 


where 


Then (13.4.201) is rewritten as 


f^^ = «(*,^(*,0). 

\x(o,0 = £€fi. 


-h = 


dt (2/i + A)<s (2/i H - A)e 

which yields immediately the following solution formula 




= ft(0,0 exp (— 


P{r,0 


■dr) 


K(r,£)ex p (- 


P(s,0 

(2 p + A)e 


(3.4.22) 


ds)dr. (3.4.23) 


/q (2/r + A)e (2/i + A)e J 0 
Notice that 9 > c > 0 with c independent of e, then this together with (|3.4.23p yield that 

IIM0IU- < \\m\\L°°e-f + C [ ±\\K{j)\\ L ~e-'*~ l( t- T '>dT. (3.4.24) 

Jo £ 

It follows from (|3.4.24p and Holder inequality that 


\\h(t)\\ L ~ < ||ft(0)||i«.e-^ + C\ / ||A-(r)||i.dr 


■4 exp(- 


2 c(t — t) 


)dr 


< ||/i(0)|| L ~e- 


C 


V~e 
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i.e. 


e\\hmh°<e\\hmL-+C \\K{T)\\l„dT. 

Jo 


(3.4.25) 


dT<Ce\\hml~ 

+ c 

< Ce\\m\\l~ 

+ c 

< C'e||/L(0)||| oo 

+ c 

< Ce\\hml~ 

+ c 

< ^1^(0)111=0 

+ c 


On the other hand, integrating (I3.4.24p over [0, t ], one can obtains that 

" -||if( S )|| L =ee- ce_1 ^- s )^ dr 

< Cefhml-+Cj* ^i||^( S )||^/( 0 ,t)We- ce " 1 (T - 5 ) /(o, t )(r- S )d S ) dr 

II L°°I(t 




■■>(•))111.' 


dr 

2 


f\\K{r) || 

Jo 


L°°dT. 


Then, it follows from (13.4.2611 and (13.4.2511 that 


efhml~+ [\\Kr)\\l~dT<Ce\\hml~>+C f \\K(r)\\ 2 Laa dr. 
Jo Jo 


(3.4.26) 


(3.4.27) 


In order to close the estimates of (13.4.271) . one still needs to control the second term on the 
RHS of (13.4.271) . Direct calculation implies that 


(V x w) • N = —d y iuj 2 + d y 2 uii + dii[) ■ <9 y 2w 3 — d 2 ■ d y iuj 3 , 

then, it follows from (13.3.311) . (13.4.281) . (13.4.71) and (13.4.11) that 


(3.4.28) 


J \\J\\u2,~dT<C J P(Um(r))- (l+e 2 ||Vp||^ 1 »+e 2 ||(Vxa;)-lV||^2 1 ™ 

+ £ 2 ||V6>||^ 3 ,=o +e 2 ||Vzt||^ 2 , co )dr (3.4.29) 

<C J P(JV m (r))- (n-e 2 ||V0||^3.c.+e 2 ||V«||^ 3lOO )dr 

<e 4 ^ ||A0||^ 4 dr + e 2 ^ \\W 2 u\\ 2 ni dr + CtP(Af m (t)) < CC m+2 {U m (0) + tP(AT m {t))}, 
where we have used the condition (11.201) in the last inequality. It follows from (13.3.311) that 


\\(2^ + \)e[Z a ,u- V]< 9 n p|||=o + \\[Z a ,p]d n p\\ 2 L °°dT 


< Ce 1 


|V 2 u|| 2 i 4 dr + CtP(M m {t )) < CG m+ 2 [U m { 0) + tP{Urr 


which, together with (13.4.291) . yields that 


J \\K(r)\\ 2 Loo dT<CC m+2 {Af m (0)+tP(Af n 


(3.4.30) 


(3.4.31) 


Combining (13.4.3ip . (|3.4.27D . (13.4.211) . (13. 4. 191) . (13.4.131) and (13.3.31 1) , one proves (13.4.121) . Thus, 
the proof of Lemma 13.151 is completed. □ 


Estimates for ||Vu||2, li00 and e||Vu||?,i i00 : 
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Lemma 3.16 Assume (11.2011 holds, one has, for m > 6, that 

||Vu|&i.« <C m+2 {AA m (O) + P(||V0||^ llOO )+tP(AA m (O)}. (3.4.32) 

Proof. The proof of this lemma is similar to the corresponding lemma of |23] except the 
pressure is a function of density and temperature. Away from the boundary, one clearly has by 
the classical isotropic Sobolev embedding theorem that 

HxZVull!-, + llxVttHlo. < c\\u\\ 2 um < A m (t), for m > 4, (3.4.33) 

where the support of x is away from the boundary. Therefore, by using a partition of unity 
subordinated to the covering (EZD, we only need to estimate ||xj2Vu|| 

L°° + IIXjVuH L°° for 

j > 1. For notational convenience, we shall denote Xj by X- Similar to [16], we use the local 
parametrization in the neighborhood of the boundary given by a normal geodesic system which 
makes the Laplacian has a convenient form. Let us denote 


*"(»,*) 


y 

V’(y) 


zn(y) = x, 


where 


n(y) 


1 

Vl+WW )f 


di if(y) \ 
di V’(y) I , 


is the unit outward normal. As before, we can extend n and II in the interior by setting 


n(V n (y, z)) = n(y), z)) = 1%). 


Note that n{y , z) and II (y, z ) have different definitions from the ones used before. The interest 
of this parametrization is that in the associated local basis (e y i,e y 2 ,e z ) of R 3 , it holds that 
d? = d„ and 


ML»(„,*)' M 




= 0. 


The scalar product on R 3 induces in this coordinate system the Riemannian metric g under the 
form 

g{y,z) o' 

0 1 


g{y,z) = 

Therefore, the Laplacian in this coordinate system reads 


A / = d zz f + ^<9 2 (ln \g\)d z f + A s f 

where \g\ denotes the determinant of the matrix g , and is given by 

A g /= 1 

- / \ n \ 

i,j= 1,2 


(3.4.34) 


/ = “Tpr J2 Isl 1 9 yj f ), 

v\ 9 \ j 7 = 1 2 


which involves only the tangential derivatives. 

It follows from (|3.3.1l) (n and II in the coordinate system we have just defined) and Lemma 
13.121 for m > 5, that 

llxVullio. + \\xzvu\\ 2 Lao < c 2 (\\ x m n u\\l~ + \\z{ x m n u)\\ 2 Lao + ||xdivu||£. 

+ ll-^divullloc + \\ZZyU\\ 2 L oa + ||^yU|||oo^ 

< C' 3 {||xns„n|||„ + ||z(xna n u)|||oo + p ( A m ) + p(||(v(^), V 60|&i,„)}. (3.4.35) 

Consequently, one needs only to estimate ||xll<9 n 'u||£ 00 + \\Z(xHd n u)\\ 2 Lao . To estimate these 
quantity, it is useful to use the vorticity u. Indeed, we have 

n(w x n) = n((Vu — Vu*) • n ) = II (d n u — V(u • n) — Vn* • u). 
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Therefore, one obtains that 

||xna n w|||oo + ||Z(xn«9„u)||ioo < C' 3 |||xn(o; x ra)|||ao + \\Z(xn(uj x n))|||= 0 + A m (i)}, (3.4.36) 

which yields that we only need to estimate ||,\II(a; x n)\\ 2 LOO and ||^(xn(w x n))\\ 2 Lao . 


By setting in the support of x 

Co{y, z) = w( v f ,n (y, z)), (p, u)(y, z) = (p, u)(^ n (y, z)). 

Then it follows from (13. 3. 911 and (I3.4.34|) that 

pCb t + pu'dyiu + pu 2 d y 2oj + pu ■ nd z Co = pe(d zz oj + -cb(ln \g\)d z Cj + A~ 9 Cj) + F\, (3.4.37) 

and 

put + pv}d y iu + pu 2 d v 2u + pu ■ nd z ii = pe(d zz u + -cb(ln \g\)d z u + A gii) + F 2 , (3.4.38) 

where 

My,z) = F 1 (^ n (y : z)), F 2 (y,z) = F 2 ^ n (y,z)), 

where Fi and F 2 are defined in (13.3.101) and (13.3.121) . respectively. Note that we use the same 
convention as before for a vector u, and u- 7 denotes the components of u in the local basis 
(e y i,e y 2 ,e z ) just defined in this section, whereas Uj denotes its components in the standard 
basis of M 3 . The vectorial equation of (13.4.371) and (13.4.381) have to be understood component 
by component in the standard basis of R 3 . 

Similar to (13.3.61) . we define that 

V{y,z) = x(u x n + II(Su)j, (3.4.39) 


where A is extended into the interior domain by B(y,z) = B(y). Thus, from the boundary 
conditions one has 

ii(v, 0) = 0. (3.4.40) 

By using (13.4.371) and (13.4.381) . fj solves the equations 

pfjt + pu 1 dyifj + pu 2 d y 2 f] + pu ■ nd z fj 

= pe{d zz fj + i<9*(ln | g\)d z fj) + x(Ti x n) + yll (BF 2 ) +F X + \F K , (3.4.41) 

where the source terms are given by 


F x = (j)u l d y i + pu 2 d y 2 + pu ■ nd z Jx • (A x n + II (Bu)) 

- A ie(pzzX + 2 d z xd z + § 5 * (In |p|) • d z xj • (A x n + II(Su)), 
F K = i^pi^dyiA + pu 2 d y 2llj ■ ( Bu ) + w x (jj&dyin + pu 2 d y 2nj 

+ U[ (pu 1 d y i + pu 2 d y 2)B ■ u) + peAgCo x n + pell(BAgu) 


(3.4.42) 


Note that in the calculating of the source terms, and in particular F K which contains all the 
commutators coming from the fact that n and II are not constant, we have used the idea that 
in the coordinate system that we have just defined, B, n and II do not depend on the normal 
variable. By using that A y involves only the tangential derivatives and that the derivatives of 
X are compactly supported away from the boundary, one obtains the following estimates, for 
m > 6, 


IxIlOFi x n )||^ 1 , 00 < C 2 P(M m (t)), 

\\F x \\u^ < • Nl^o. +£>11^) < C 3 P(Af m (t)), 

IIX^II^.oo < C^Wut^ + ||«||^i, 00 ||V U ||^ 1 . 00 + £ 2 (|M|^3 ,oo + ||V U ||^ l00 )} 
< C 4 {p(jV m (t)) + e 2 ||V 2 u||^ 4 j, 




(3.4.43) 
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and from (13.4.61) . it holds that 

\\xn(BF 2 )\\ni,oo < C 3 {e 2 ||Vdivw||^i,oo + llVp||^i,oo} < C 4 {p(M m (t))+e 2 \\(\/d^(p9))f H ^}. (3.4.44) 
Consequently, it follows from (I3.4.43|) - (I3.4.44|) . for m > 6, that 


Ill'll 


W 1 '” ^ 


C' 4 {e 2 ||V 2 u || 2 i4 +£ 2 ||(V0,V( iO 0))|| 2 ,2,oo +P(AC 


(3.4.45) 


where F = x{F\ x n) + yll (BF 2 ) + F x + x^k- 

In order to eliminate the term ^d z (ln\g\)d z fj, one defines 


V = —rrV = IV- 

Iffl 4 


Note that 


||i?||'H 1 ' 00 — C 3 ||/7 ||^i,oo, and ||r?|| w i.= < C 3 \\fj\\ n i 
and r) solves the equations 

pfjt + pudyifj + pu 2 d y 2 fj + pu ■ nd z fj — ed zz fj 


= -(P + ed zz 7 • r] + -ed z (ln \g\)d z j ■ rj - p(u- Vy)^ 


= S. 


(3.4.46) 

(3.4.47) 

(3.4.48) 


It is difficult to directly obtain the explicit solution formula of (13.4.481) . so one rewrites it as 
p{t,y, 0) fj t +u 1 (t,y,0)dyifj + u 2 (t,y, 0 )dy 2 fj + zd z (u-n)(t,y,0)d z fj - ed zz fj 
= S+ [p(t,y, 0) - p{t,y,z)]fj t + [(pM*)(t,2/,°) - (pF)(t,y, z)}d y ifj 

i= 1,2 

- P{t,y,z)[(u-n){t,y,z) - zd z (u ■ n)(t,y,0)]d z fj 

+ [p(t, y, z) — p{t, y, 0)] • zd z (u ■ n)(t, y, 0)d z fj = M for 2 > 0, (3.4.49) 

with the boundary condition fj(t,y, 0) = 0. By using Lemma 16.11 in Appendix, one has that 


\v\\w<°° hoWn 1 


+ ( \\p- 1 \\L~\\M\\ H ^dT+ f (1 + ||p- 1 ||^)(l + mp,u,Vu)f Loo )\\fj\\ n ^dr 
Jo Jo 

< WvoWn'- + c f* ||M||„i.«dr + CtP(N m (t)). (3.4.50) 

J o 

It remains to estimate the right hand side of (I3.4.50|) . Firstly, by using (13.4.451) . one has that 


IISII 


«i,oo - C 4 {e 2 ||V 2 M || 2 i4 + e 2 || V0||^ 2 ,oo + CP (Nr, 


< 


for m > 6. 


(3.4.51) 


Next, using the Taylor formula and the fact that y is compactly supported in 2 and by the 
same argument of Lemma 3.14 in [25], one can obtain, for m > 5, that 


\\[p(t,y,0) - p(Ly,^)]i?t|lwi,oo||[(pM 1 )(L2/,0) - (pu l )(t,y,z)\dyifj ||^i,o= 

+ II [ (pu 2 )(t, y, 0) - (pu 2 )(t, y, z)\d y 2 || \p(t, y, z) - p(t , y, 0)] • zd z (u ■ n)(t, y, O)0 z j?||^i,«, 

+ II P(t,y,z)[(u-n)(t,y,z) - zd z (u-n)(t,y, 0)]5 i; ^||^i,o= < CP(N m (t)), (3.4.52) 

Then, it follows from (13.4.511) and (13.4.521) that 




for to > 6. 


< C 4 {e 2 || V 2 u||^ 4 + £ 2 ||V6»||^2._ + P(N m 
Substituting (13.4.53|) into (13.4.501) . we have, for m > 6, that 

< ll^ollwi.oo + C A tP(N m (t)) + C 4 t f e 2 ||V 2 u||^4+£ 2 ||V0||^2,.dT 

Jo 

CC m +2^Nm(0) + tP(N m 


(3.4.53) 


Ik. 


< 


(3.4.54) 
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where we have used (12.51) . (11.201) and the Holder inequality in the last inequality. There¬ 
fore, combining (13.4.541) . (13.4.471) . (13.4.391) . (13.4.361) . (13.4.351) . (I3.4.33P and (13.3.311) . one obtains 
(I3.4.32|) . Therefore, he proof of Lemma 13.161 is completed. □ 

Lemma 3.17 Assume (11.201) holds, one has, for m> 6, that 

s\\d zz u\\l~ < CC m+2 {p( A7 m (0)) + P( ||V0|& liao ) + tP(Af m (t))}. (3.4.55) 

Proof. By similar argument as the one in Lemma 13.161 one firstly has that 

e||^«||! TO <C' 2 {p(A m ) + P(||(V U ,V0,V(p0))||^,oc) + e||9,r?||!o O }, (3.4.56) 

Thus, one needs only to estimate E\\d z T)\\ 2 Lao . one rewrites (13. 4. 481) as 

Vt - ed zz fj = — (p - l)fj t - pvfdyifj - pu 2 d y 2fj - pu ■ nd z fj + S =: S, (3.4.57) 

where f) satisfying the homogenous Dirichlet boundary condition f)\ z =o = 0. Then, f) has the 
following expression: 

V{t,y,z)= G{t,z,z')r]o(y,z')dz'+ / G{t - r, z, z')E(T,y, z')dz'dr 

Jo Jo Jo 


where 


G(t,z,z') = 


^Airpet 


e*p(-fc±L£) 


4 pet 


Apet 


Then, one can obtains that 

p+oo 


r-\-oo ft f-\- oo 

Ved z fj(t,y,z) = y/e d z G(t,z,z')r) 0 (y,z')dz' + y/£ / d z G(t - t, z, z')Z(T,y, z')dz'dT. 

Jo Jo Jo 

Since rjo(y,z ) vanishes on the boundary due to the compatibility condition, it follows from the 
integrating by parts to the first term that 


y/e\\dzV\\L°° < y/e\\d z rio\\ La 


Vt~ 


l{r)\\ L ^dT. 


(3.4.58) 


Directly calculation shows that 


(/ -^=L=|MT)|| L =odr) < Ce 2 J ||V 2 u||^ 3 + CtP(J\f m (t)), for m > 5. (3.4.59) 

Substituting (13.4.581) . (13.4.591) into (13.4.56|) and using (13.3.311) . (13.4.321) . (I3.4.12|) . one proves 
(13.4.55p . Therefore, the proof of this lemma is completed. □ 


Estimate for ||V0||-^i,oo: 

In order to estimate ||V0||^i,oo, the most difficult part is to control the term pVdivw which 
comes from the term pdivu appearing on LHS the energy equation (13.1.71) .-,. Actually, if pVdivu 
is regarded as the source term, it is very difficult to bound the term f Q ||pVdivu(r)||^ li00 dr since 
the derivative is too higher. It is noted that such difficulty does not arise in the isentropic case 
[25]. So, to overcome the difficulty, new idea is needed. Fortunately, we find that the term 
pVdivu can be decomposed into two parts i.e. V(p6)t and V0*. The most difficult term \76t 
can be absorbed into the main part of equation, while V(p0)t is regarded as the source term 
which has already be controlled in Lemma 13.151 This observation is key to close the pointwise 
estimates. 
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Lemma 3.18 Assume (11.2011 holds, one has, for m > 6, that 

HV0I&1,. < CC m+2 {p(W m (0)) + fP(A7 m (t))}. (3.4.60) 


Proof. Due to (13. 4. ID . one needs only to estimate ||<9 z 0||-^i,oo or ||<9 n 0||%i,oo. It follows from 
(13.1.71 ) 3 that 

p[V0 t + (u • V)V0] + pVdivu - k(£)AV0 

= —Vpdivit — [Vp(0 t + u ■ S79) + pS7u ■ V0] + eV[2p\Su\ 2 + A|divu| 2 ]. (3.4.61) 

In order to deal with the term pVdivu, using the mass equation (I3.1.7I1 1 . one first notice that 

pdivit = Rp[6 t + (u ■ V)0] — [pt + ( u ■ V)p], (3.4.62) 


pVdivu = Pp[V0 t + (u • V)V0] — [Vp t + (u ■ V)Vp] — Vpdivu 

+ PVp[0 t + {u ■ V)0] + PpVit ■ V0 - Vu • Vp. (3.4.63) 

Then, it follows from (|3.1.7p 3 and (|3.4.61I1 - (I3.4.63I) that 

(P + l)p[V0* + (u • V)V0] - «(e)AV0 

= [Vp t + (u • V)Vp] + Vu • Vp - (1 + P)[Vp(0 t + u ■ S79) + pS7u ■ V0] 

+ eV[2p\Su\ 2 + A|divu| 2 ] = B\, (3.4.64) 

and 

(P + l)p[0* + (it ■ V)0] — k(e)A 0 = [pt + (it • V)p] + e[2p\Su\ 2 + A|divit| 2 ] = B 2 . (3.4.65) 


We use the local coordinates (y, z) defined in Lemma [3.161 in the neighborhood of the bound¬ 
ary which makes the Laplacian has a convenient form. The functions p, u, x, n, II are the same 
ones defined in Lemma 13.161 By setting in the support of x 

0(y,z,t) = 0(* n (y,z),t), V9(y,z,t) = (V0)(* n (y,z),t) (3.4.66) 

Then it follows from (13.4.641) and (13.4.651) that 

(R+l)lpV0 t +pu 1 d y iV0+pu 2 d y 2V0+pu-nd z V0] = rt(£)(d Z 2 V0+ia 2 (ln|y|)^V0+AgV0)+Si, (3.4.67) 
and 

(P + l)[/50 t + pvfdyif) + pu 2 d y 20 + pu ■ nd z 9] = n(e)(d zz 0 + i<9 2 (ln \g\)d z 9 + A g9) + B 2 . (3.4.68) 

where 

B 1 =B 1 {* n {y,z),t), B 2 = B 2 (* n (y,z),t). (3.4.69) 

Define ___ 

C(y,z,t) = x(n-V0-z/0), (3.4.70) 

then, in view of the boundary condition (ll.3l) 3 . £ satisfies ( = 0 on dQ. Considering (13.4.671) • 
n + v ■ (I3.4.68P , it is easy to know that C, satisfies 

pCt + pufdyxC, + pu 2 d y 2( + pit, ■ nd z ( 

= ii(e)(d zz C + id 2 (ln \g\)d z () + x(Pi ■ n) + vxB 2 + P® + yP®, 


(3.4.71) 
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where the source terms are given by 

{ F^ = (R + 1) (pi^dyi + pu 2 d y 2 + pu ■ ndz'jx ■ (n ■ V0 - vO) 

- n(e){d zz x + 2d z \d z + 5 ^(In \g\) ■ d z xj • (rc ■ V0 - i/0), (3.4.72) 

Ff = (R + 1)V0 • (jm^dyin + pu 2 d y 2 nj + n{e)n ■ A gV9 + uK(e)Ag6. 

Then, using the similar arguments in Lemma 13.161 one can obtain that 

IICCOIIhc- < c{p(AT m (0)) + P(A m ) + tP(Af m (t)) + P(N m {t)) ( jf‘ K(e)|| A0||* 4 + || VpH^dr) 2 

+ ( J £ ||Vu||loo||V 2 u|| w i,-dr) 2 } < c{p(AT m (0)) + tP(Af m (t)) 

+ (||Vuo||i- +tMm(t))(J e||V 2 u||„i.oodr) 2 } < CC m+2 {p(M™(0)) + tP(Af m (t))}, (3.4.73) 

where we have used (13.4.101) . (13. 4. 121) . (13.3.31 1) and Holder inequality above. Then (13.4.601) 
follows from (13.4.701) . (13.4.731) . (13.4.ID and (13.3.31 p . Therefore, the proof of Lemma 13.181 is 
completed. □ 


Combining Lemma 13.151 -Lemma 13.151 one can obtain 
Proposition 3.19 Assume (11.201) holds, one has, for m > 6, that 


l|V(p0)||^,~ + ||Vu|& ll0 . + ||V0||^i,oo + e||V(p0)||^ 2 , 
< cc m+ 2 {p(U m ( 0 )) + tP(U m (t))y 


e||d 2 Z u|| 


+ 


l|V(p0)|| 


2 

H 2 ’< 


,dr 


(3.4.74) 


3.5 Proof of Theorem 13.11 

Firstly, it follows from (|3.4.3|) . (I3.3.31D and (I3.4.74|) that 

Q(t) < CC m+2 [p{U m {Q))+tP{U m {t))y (3.5.75) 

In order to close the priori estimate, one still needs to get the uniform estimate for ||V<9™ -1 u||. 
It follows from Lemma [3791 (13.5.751) and (I3.3.31D that 


llvarMl 2 S c m+1 {\\u\\ 2 nm + M 2 Hm + Iidr-Mivuiil,} 
JS C m+ 2 {p(M m (0)) + tP(M m (t))}. 


(3.5.76) 


Combining (I3.3.31D . (13.4.741) and (13.5.761) . one gets (13. 4D . Finally, it follows from (| 1.1 1) that 


11diva11 L oodr) < p(x,t) < \p(x, 0)| exp( [ ||divu||L~dr), 

Jo 

so we proved m- The Newton-Leibniz formula yields immediately that (13.2D . Thus the proof 
of Theorem 13.11 is completed. □ 


\p{ x i 0)| exp(— 

Jo 


4 Proof of Theorem 11.11 

Proof of Theorem 11.11 In this section, we shall show that how we can combine our a priori 
estimates to obtain the uniform existence result. Let us fix m > 6, we consider initial data such 
that 


Z m ( 0) 


sup ||(p§,t&0§)|&. < Co, and 0 < Cf 1 < p e 0 < C 0 , 0 < Cf 1 < d e 0 < C 0 , 
ee(0,l] 


(4.1) 
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For such initial data, we are not aware of a local existence result for m and m , so one first 
needs to prove the local existence result for m and m with initial data (p$, Uq, 6q) G . 
For such initial data {Pq,Uq,6q), it follows from the definition of X^ s there exists a sequence of 
smooth approximate initial data (p £ 0 ’ S ,u £ 0 ’ S ,9 q S ) G X £ ^™ ap (d being a regularization parameter), 
which have enough space regularity so that the time derivatives at the initial time can be defined 
by Navier-Stokes equations and the boundary compatibility conditions are satisfied. For fixed 
e G (0,1], we construct approximate solutions, inductively, as follows 

(1) Define u° = u £ 0 ’ S , and 

( 2 ) Assuming that u k ~ l was defined for k > 1, let ( p k ,u k ,9 k ) be the unique solution to the 
following linearized initial boundary value problem: 


p k + div(p k u k x ) = 0 in (0,T) x fl, 

p k u\ + p k u k ~ 1 • Vu fc + RS7(p k 9 k ) = eAu k + eVdivu fc , in (0, T) x D, 


p k 9 k + p k u k ~ 1 • V9 k + Rp k 9 k divu k ~ 1 = n{s)A9 k + 2pe|5zi /c - 1 | 2 + Aeldivu^ 1 ! 2 , in (0,T) x B, (4.2) 
(p k ,u k ,e k )\ t = 0 = (p e o S ,u E 0 ’ S ,ef), 
with boundary conditions m- 


with ^ < Po’ 5 , 


Oo ’ 5 < |Do, 


Since p k ,9 k and u k are decoupled, the existence of global unique smooth solution ( p k ,u k ,9 k )(t ) 
of (14.21) with 0 < p k (t),9 k (t) < oo can be obtained by using classical methods, for example, the 
same argument of in Cho and Kim [3] and the standard elliptic regularity results as in Agmon- 

Douglis-Nirenberg [I]. On the other hand, since (p £ 0 ’ ,Uq,9q ) G H im , one prove that there 
exists a positive time T\ = T\ (e) such that 

\\(p k ,u k ,e k )(t)\\ 2 H3m < Ci < oo, and (2(%) _1 < p k (t), 9 k (t) < 2(%, for 0 < t < f 1; (4.3) 

where Tf, C\ depend on Co, e _1 and || (p £ 0 ’ S , Uq' 5 , 9q S )\\h 3 m . Based on the above uniform estimates 
for ( p k ,u k ,9 k ), by the same arguments as section 3 of [3], there exists a uniform time Ti(< 
T \)(independent of k) such that (p k ,u k ,9 k ) converges to a limit (p £,s , u £,s , p £,s ) as k —» +oo in 
the following strong sense: 

(p k ,u k ,9 k ) —»• (p e,s ,u e ’ S ,9 e ’ S ) in L°°(0,fi;L 2 ), and S7u k Vu E ’ S in 1 2 (0,Ti, L 2 ). 

It is easy to check (p £,s , u £,s , 9 £,s )(t) is a classical solution to the problem (II.ID . (11.31) with initial 

data (pq , Uq , 9q ). Then, by virtue of the lower semi-continuity of norms, one can deduce from 
(14.31) that 


Mp E ’ S ,u E ’ S : p e ’ S )(t)\\ 2 H3m <Ci <00 and ( 2 C 0)- 1 < p E ’ 5 (t), 9 £ ’ S {t) < 2 C 0 , for 0 <t<T u 


(4.4) 


Applying the a priori estimates given in Theorem 13.11 to (p £,s , u £,s , 9 £,s )(t), we obtain a 
uniform time To > 0 and positive constant C 3 (independent of e and 6), such that it holds for 
(, p £ ’ S ,u £ ’ S ,9 £ ’ S )(t ) that 

T ,u e ' s < C 3 and (2Q,)- 1 < p E ’\t), 9 £ ’\t) < 2 C 0 , Vi G [0 ,f 2 ], (4.5) 

where T 2 — min{To, Ti} and the uniform constants To, (^(independent of e, 5) depend only on 
Co and T m (0). Based on the uniform estimates (14.51) for (p £,s , u £,s , 9 £,s ), one can pass the limit 
6 —>• 0 to get a strong solution (p £ ,u £ ,8 £ ) of (11.11) . (11.31) with initial data (pq,Uq,8q) satisfying 
(14.11) by using a strong compactness arguments. It follows from (14.51) that (p £ ’ S , u £,s , 9 £,s ) is 
uniform bounded in T°°([0, To]; H™), \7(p £,s , u £,s , 9 £,s ) is uniform bounded in L°°([0, To]; H™" 1 ), 
and dt(p £,s ,u £ ’ S ,9 £,s ) is uniform bounded in L°°([0, To]; FT™ -1 ). Then, it follows from the com¬ 
pactness argument [22] that (p £,s , u £,s , 9 £,s ) is compact in C([0, To]; il™ _1 ). In particular, there 
exists a sequence 5 n — >• 0+ and ( p £ ,u £ ,9 £ ) G C([0, To]; H™^ 1 ) such that 

(p £ ^,u s ’ S \9 £ ’ S -)^ (p E ,u s ,9 E ) in C([0,T];7J™- 1 ) as 5 n 0 + . 


(4.6) 
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Moreover, applying the lower semi-continuity of norms to the bounds (14.511 . one obtains the 
bounds for ( p £ ,u £ ,9 £ ) that 


T m (p E ,u E ,9 E )(t) < C 3 and ( 2 C 0)- 1 < p E (t), 6 E (t) < 2 C 0 , Vi e [0,T 2 ], 

It follows from (14.71) and the anisotropic Sobolev inequality (12.51) that 

sup HO 6 ’ 15 " - p E ,u E ’ Sn - u E ,e E ’ K - 8 E )f Lao < sup || (p E ’ Sn - p E ,u E ’ Sn - u e , 0 e - 4 » - & 


(4.7) 


,e\||2 


tG[0,To] 

+ sup (||v(p £ ^-p £ 1 ^- u £ ,r^-r)||^ o -||(p M "-p e ,^-w e ,^-r)||H c O ^ 0 , 

i€[0,T o ] v ' 

as 5 n —> 0 + . (4.8) 


£G [0,Tq] 


I H 2 


Then, it is easy to check that ( p £ ,u £ ,9 £ ) is a strong solution of the Navier-Stokes system. The 
uniqueness of the solution ( p £ , u £ ,9 £ ) is easy since we work on functions with Lipschitz regularity. 
Thus the whole family of (p e,s , u £,s , 9 £,s ) converges to (p £ ,u £ , 9 £ ) as 5 —>• 0+. Therefore, for initial 
data (pq,Uq,9q) € we have established the local existence result for (11.II) . (II.3D such that 

( P £ , u £ ,9 £ )(t)eX%™, t e [0, T 2 ] . 

We shall use the above local existence results to prove Theorem 11.11 If Tq < T\ , then 
Theorem 11.11 follows from (14.7j) with C\ = C3. On the other hand, if T\ < To, based on the 
uniform estimates (021), we can use the local existence results established above to extend our 
solution step by step to the uniform time interval t € [0, To]. Therefore, the proof of Theorem 
11.11 is completed. □ 


5 Proof of Theorem 11.51 : Vanishing Dissipation Limit 

In this section, we study the vanishing dissipation limit of the solutions of full compressible 
Navier-Stokes system m to the solutions of full compressible Euler system with a rate of 
convergence. It is well known that the solution (p,u,9)(t) € H ?> of the Euler system (|1.5D . (II. 6 D 
and (I1.28D satisfies 


^ ||(p,u,0)|| C 'fc(o ! Ti;ff 3 - fc ) < C < 4 ) —— < pit), 6(t) < 2Co, (5.1) 

k =0 

where C 4 depends only on \\(po,uo,9o)\\ H 3. On the other hand, it follows from Theorem 11.11 
that the solution (p £ ,u £ ,9 £ )(t) of (I1.1D . Q1.3D and (I1.28D satisfies 

\\(p E ,u E ,9 E m\\ x ^<C 1 , -±-< p E (t),e E (t)<2C 0 , Vie [0,To], (5.2) 

2Co 

where To, Co, and Ci are defined in Theorem ll.il In particular, this uniform regularity implies 
the following bound 

\\(p E ,u E ,9 E )\\ w ^ + \\d t (p E ,u E ,e E )\\ L - < C u (5.3) 

which plays an important role in the proof of Theorem 11.51 

Define 


4> e = P E - P , ip E = u e - u, c = e E - 0 . 

It then follows from (II.ID and (I1.5D that 


(5.4) 


{ <j>l + pd\vip e + u ■ V</> £ = R \, 

ptpt + pu ■ Vtfj 61 + V(p £ — p) + 4> £ = — /zeV x (V x tp £ ) + (2 p + A)eVdiv^ £ + 
p£t + pu • V£ £ + pdivip 6 + T 5 = «(e)A^ e + 2/re|S'rt £ | 2 + Ae|divu £ | 2 + i?|, 


(5.5) 
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where 


and 


R\ = —(jf&\vip e — i\) e • V(/> e — 4> e d\vu — V p ■ i/j s , 

i?| = — <p E ipt — 0 £u t + peAu + (/x + A)eVdivu, 

i ?3 = — </> e £f — (p e — p)div^ £ — (p e — p) divip + n(e)A 0, 


<1> £ = (p £ rt £ — pit) • Vu £ = (p £ u £ — pu) ■ Wip £ + ( p £ u £ — pu) ■ Vtt, 
T £ = (p £ u £ — pu) ■ V# £ = (p £ u £ — pu) ■ VC + (p £ u £ — pu) ■ S/6. 


(5.6) 


(5.7) 


The boundary conditions to (15.51) are 

i/j £ -n = 0, nx (Vxi) £ ) = [Bi/) e ] T + [Bu] T — nxui, and V£ £ -n = v(/ £ + uO — S/O-n on <912. (5.8) 
Lemma 5.1 It holds that 

\M,^,nm 2 + [\\m 2 H i+K(s)\\e\\ 2 H1 dr<c(e 3 2+K^), *€[o,t 2 ], ( 5 . 9 ) 

j 0 

where T 2 = min{To,Ti} ; C > 0 depend only on Cq,Ci and C\. 

Proof: Multiplying (15.51) .-. by ip £ , one obtains that 

~r I \p\J ,e ^dx + f 4> £ • i\> e dx + f V(p e — p) ■ %h s dx 
dt Jq_ 2 J n in 

= —pe j V x (V x ij} e ) ■ ifj e dx + (2p + X)e / Vdi vi/j s ■ ip e dx + ( R^-^dx. (5.10) 

JQ J q, Jn 

If follows from integrating by parts and (15.5j) t that 

[ V (p e — p) ■ ij) e dx = — f (p e — p)divip £ dx > — R f 0</> e di vip e dx — R f p£ e dxvi/) E dx — C\\(<f> £ , £ e )|| 2 

J Q, Jn Jn Jn 

> Rj t J r Yp^ e][2dx ~ R Jn P ^ div ^ Edx ~ C \\^ e ^ E )\\ 2 - ( 5 - n ) 

It is easy to check that 

— pe V x (V x i/j s ) • ip e dx = —pe / |V x ip e \ 2 dx — pe n x (V x ip e ) ■ %j) £ dx 

Jn J n J dn 

< — pe\\ V x i/j e \\ 2 + Ce j [Bih e + Bu — n x ul\ ■ tl> e dx 

Jd n 

< -pe\\X7 x ip e \\ 2 + Ce (\ih s \ 2 L 2 {m) + |^ £ |i 2 (an) ) , 


e f Vdi \ip e ■ ij) e dx = — e||divV> £ || 2 , 
Jn 


4> £ • tp e dx 


[ (( p £ u e — pu) ■ S7)u e ■ x/j e dx 

Jn 


<c(i+\\(p £ , u£ ,vu £ )\\ L ^)m,r)\\h, 


and 


[ i?2 ■ ^dx 

Jn 


<C\M,r)\\^+Ce 2 . 


(5.12) 

(5.13) 

(5.14) 

(5.15) 


Collecting all the above estimates, one gets that 

■ / ^|V’ e | 2 + R^—\(t> e \ 2 dx — R f p£ e divijj 6 dx + pe \\V x tp s \\ 2 + (2p + A)£||div^ e || 2 
Jn 2 2 p J n 


d 

dt 


< C\\(<t> e ,ip e )\\ 2 L 2 +Ce 2 +Ce(\ip E \ 2 L2 + \ih s \ L z), 


(5.16) 
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On the other hand, multiplying 4-, one can obtain that 


4 [ ^|f | 2 dx + i? [ pfdiv£> E da; + 


3«(e) /' |V£ 


e|2 


6 


-dx 


< C\M,r,i e )f + C K (e )(|f |£ a + UO + Of 2 + k(s) 2 ). 
where we have used the facts that 


(5.17) 


«(e) J Af—da; = —k(e) 
3/s(e) /' |Vf 12 


|V£ 


■e|2 


£ 


f 


da; + k(e) / — V0 • Vf da: + k(e) / —n-Vfdcr 


(9 


/an 


< — 


f 


/n 


0 


da; + C7t(£)||f || 2 + Ck{e) / — [i/£ e + ed — n • V0]du 


/an 


f J^da: + C||f|| 2 +C' K ( e )(|f | 2 2 + |fU 2 ) I 


(5.18) 


and 


| f ^-^ £ dx\ + | [ <1 -R^dx\ + | f ^-(2^e|S'u £ | 2 + Ae|divu £ | 2 )dx| 
isi & Jo. & Jo v 

< C1|(<f ,^,ni| 2 + C-( £ + /c(e))||f|| < )|| 2 + Cf 2 + /fe) 2 ). 

It follows from (12.111 that 

\\r\\ 2 m < Cl (||V x r\\ 2 + lldiwfll 2 + ll^ll 2 ) . 

The trace theorem yields that 

1^11* < <5||V^H 2 + <W e || 2 , and |f || 2 < d||Vf || 2 + C'allf || 2 

and 

fe|V ,e U 2 < &||VV’ E || 2 + C s e \\J) e \\i < fe||V^ £ || 2 + ||^ E || 2 + C S £%, 

W)|fU= <fc( e )||Vf|| 2 + C^( £ )||f||§ <fc( £ )||Vf|| 2 + ||f|| 2 + C^( £ )i. 


(5.19) 

(5.20) 

(5.21) 

(5.22) 


Adding (15.161) and (15.171) together, using (15.201) - (15.221) and choosing 6 suitably small, one obtains 
that 


d 

dt 


(X 2^ 2 + R Yp^ e][2 + w^ 2dx ) + Cl ( e ^ E ^ 1 + K ( £ )llf II 
f c\W,r^ £ )\\l* + c ( £2 + K ( e ) 2 ) 3 


(5.23) 


where c\ > 0 is a positive constant independent of e. Then Gronwall’s inequality yields 
immediately that (15.91) . Therefore, the proof of Lemma lS.ll is completed. □ 

Lemma 5.2 It holds that 

||(dh^ E , Vf, Vf )(t)|| 2 +e [ ||Vd^ E (r)|| 2 dT + K(e) [ ||Af|| 2 dr 

Jo Jo 

<C6 [ ||(f,f )|| 2 +£||^ e |lu 2 dr + C S [ ||(0 E ,V’ E ,f)|luid'r + C' 5 [e^+«(e)3], t e [0,T 2 ], (5.24) 

Jo Jo 

where 5 > 0 will be chosen later. 

Proof: Multiplying (1 5.5 1) 2 by Vdivf leads to 

f (pi/jf + pu ■ S7ip e ) ■ Vdivfda; + f V(p E — p) ■ Vdivfda; (5.25) 

an an 

= — pe f V x (V x f) ■ Vdivf da; + (2p + A)e||Vdivf || 2 + f R\ • Vdivf da: — f 4> E ■ Vdivf da;. 

J Q, J Q, J Q, 
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It follows from (15.5[) | that 
1 r 


Vdiv^ £ =-- ^ 


+ ( u £ • V)V<f 


J_ : 

p e - 


Vp £ div^> £ — Vu e V</> e + V(^ £ divu + ip £ ' Vp) 


(5.26) 


which, together with integrating by parts, yields that 

[ V(p £ — p) ■ Vdivip e dx = —R f V(p£ £ + Ocjf + <^ £ £ £ ) • Vdivip £ dx 

Jo, Jq 


<R pV£ £ • Vdivt/> e da: + R 9S7cj) e ■ Vdivip £ dx + R 

Jn J o 


R 


div(£ £ Vp + (j) e \7 9) divip s dx 


[ (p£ e + 6(f) e )n ■ divider + C||(<)) £ ,£ £ )||^i 
Ja n 

R j t j^\s7^\ 2 dx +R J n P ve ■ vdi v^dx+cw,r,z e )ii^ + c , k^,o u*. 


It follows from (13. 4. 51) and (11.221) that 

||Vdivu e ||Loo + || Vdivu e || L 2 < C < oo, 


(5.27) 


(5.28) 


where (7 > 0 depends only on C\. Integrating by parts and using the Holder inequality, one 
has that 

/ (pipt + pu • Vijj e ) ■ Vdiv^/i e dx < — / (pdiv0t + pu ■ Vdivip £ ) divt/> £ dr 
Jn Jn 


+ 


(yptpt + V(/9u) t V^> e ) di vi/j £ dx 


Jn Jan 

<~J f ^\dwr\ 2 dx + 6 \\r t \\ 2 + c s \\vrr+ [ ; 

J £~2 J <9f2 


p{u ■ V)iJj s ■ ndivip £ da 


in 

d l p 


p(u ■ S7)nip e d\wxl) e dx 


< ~di J 2 ^^fdx + SW^W 2 + C s \\Vi/j £ \\ 2 + C\ip s \ L 2, 


(5.29) 


4> £ • Vd\vip £ dx 


and 


/ [( p e u e — pu) ■ Vip E + (p £ w £ — pu) ■ Vu]Vdiv^i £ da; 
Jn 

< C||(^ e ,^’ e )||^ f -i + f ((p £ u £ — pu) • Vu) • ndiv^ e G?cr 
Jan 

<c{\\(ct> £ ,r)\\ 2 m + \(cf> £ ,r)\L*), 


/ V x (V x i/j £ ) ■ Vdi vxj} £ dx = £ / n x (V x ^> £ ) • Vdivider 
J Jan 

[ (Bip £ + Bu — n x uj) ■ n(Vdiv^ e )dcr <C£:(l + |^> £ | i) |divV’ £ 
Jan v H2j 


(5.30) 


= £ 


'H 2 


< C , £r||div^ £ || jW i(1 + \\ip E \\m) < C{£+\\i/j £ \\ 2 h1 ). 

For the term involving i7|- It follows from (15.281) and integrating by parts that 


(5.31) 


J i?2 ' Vdiv^i £ da; 


< c( i + \\vdWu £ \\ L ~)iU £ \\M\\ + \M,r)\\U + £ |MM|vdivni 

< <5||^|| 2 + C s [\\(<t> e ,r)\\ 2 H i + z 2 } + Ce. (5.32) 

Then the trace theorem implies that 

\{<r,r,o\L> < c{\w,r^ e )\\ 2 m + \w,r,e)\\h} < c{\\(^,r,o\\m + ^+^}. (5.33) 
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Substituting (15.271) and (I5.29D - (15.321) into (15.251) and using the (15.331) . one has that 

^Idiv^l 2 + ^\S7<jf\ 2 dxj ~ R J /oV^ £ • Vdiv^ £ da;+^(2^ + A)e||VdivV> £ || 2 

< s\\r t \\ 2 +c s [m, r, e Wm + *&*+■ 

Applying V to (15.Sib . one can obtain that 

pFVg + p e {u £ • V)V£ £ + pVdivV> £ - n(e)AVf 
= eX/{2p\Su e \ 2 + A|divu £ | 2 ) + Vfl§ - Vp £ £ t £ - V(p £ u £ )V^ £ - Vpdiv^ e , 

where 

Ag = — £ E 6 t — ( p e u e — pu ) • V0 — (p £ — p)divu £ + k( £ )A0. 

Multiplying ()5.35l) by one has that 

T" / 77 tt|V^ £ | 2 d x + R f pS7£, e • Vdiv^ e dx — k(e) / AV£ £ • ^-j—dx 
dt Jq 2 0 Jq J n IJ 

< fcwrwl* + ^iicru 2 + cs\M,r,n\\m+c s (e 2 + K ( £ ) 2 ). 

It follows from integrating by parts and the boundary condition (15.81) that 


(5.34) 


(5.35) 

(5.36) 


(5.37) 


-k(e) I AV£ £ • ^~dx > k(e) / i|A^ £ | 2 dx-C'/t(e)||V^ e ||||A^ £ || - Ck(e) 

J •/ 


f n • V£ £ , 
Id n & 


>L(s) t -\Ae\ 2 dx-C K (s)\\\/e\\ 2 -CK(s)\Ae \ L 2 

J 

> |«( £ ) ^ i|Af | 2 cte - C K ( £ )||vri | 2 - C«( e )||Ani a ||A^ £ || 
>^«( £ ) / i|Ae £ i 2 ^-cni^-c K ( £ )i[i + «( £ ) 2 iivAn 2 

J 


if 1 


(5.38) 


Substituting (15.381) into ([5.371) . one obtains that 

4 / fdV£ £ | 2 Gte + .R / P v £ e ' Vdiv^ £ dx + ^k( £ ) / 4a£ £ | 2 <£e 
«/ r 2 «/ r 2 •/ r 2 

< fe||^||^ + <5||& £ H 2 + ^||(0 e ^ £ ,nil^ + CK(e)i [l + «( £ ) 2 ||VAf || 2 ] + Cs(e 2 + «( £ ) 2 ). (5.39) 

Combining (15.341) and ([5.391) . one has that 

j t (J Q f |di vr\ 2 + l^ivn 2 + fj|ve| 2 dx) + |(2 p + A) £ ||Vdiv^ £ || 2 + ±k( £ )^ ^\ 2 dx 

< Se\m\h + ^liail 2 + Cs [||(of. £ , r, f )f ff i + «(e)* + ei] + C«( £ )> [l + «( £ ) 2 ||VAf || 2 ]. (5.40) 

It follows from Theorem 11.11 and (15.11) that 

k( £ ) 2 f ||VA£ £ || 2 dT < C < oo. (5-41) 

Jo 


Then, integrating (15.401) over [0, T 2 ] and using (15.411) . one gets ([5.241) . Thus, the proof of Lemma 
15.21 is completed. □ 

Lemma 5.3 It holds that 

IIV x ^ £ || 2 + £ f || (V x r)(r)\\ 2 m dr < <5|| V(<f, ?)\\b 

Jo 

+ CS f \\^ t f+s\\V 2 r\\ 2 dr + C s f \\(<l>%r,?)\\ 2 HidT + Cs[et + K(e)*], (5.42) 

Jo Jo 

where 5 > 0 will be chosen later. 
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/,e\||2 


Proof: Multiplying (15.5I) 2 by V x (V x V* 6 ) gives that 

/ p e i\)\ • V x (V x ip E )dx + / V(p £ — p) • V x (V x if> s )dx + /xe||V x (V x ij) e 

Jn Jn 

= (2/it + A)e [ V x (V x ip E ) • Vdi vt/> e dx + [ $ £ ■ V x (V x ip E )dx + [ R E 2 • V x (V x ip E )dx, (5.43) 
Jn Jn Jn 

where one has rewritten (I5.5IL and 

R 2 = —(j) e ut + peAu + {p, + A)eVdivw, and 4> £ = p e u e ■ Vip E + ( p E u E — pu) ■ S7u. 
Integrating along the boundary, one has that 

I V(/-p)-Vx (V x^) E )di = f V(p £ -p)'(nx(Vx ip E ))da 
Jn Jon 


'an 


n(V(p £ — p)) ■ [Bi\) e + Bu — nx ujjdx 


< C 


\P e -p\ H i\^ S \ H i + \P e -p\l* 




(5.44) 


Note that the first term on the right hand side of (I5.43|) has been estimated in (15.311) . It remains 
to estimate the other terms of (I5.43|) . By the same argument as the Lemma 6.3 of [25] . one can 
obtains that 

f p £ ipt ■ V x (V x ip E )dx > -y- ( / \p E |V x ^ £ | 2 cir + f ^p 6 ^ 6 Bi)) E + p E i/j e ■ {Bu — n x u>)dcr ) 

Jn dt 2 2 J dn 2 J 

-s\m 2 -c s (\\r\\ 2 m + \r\L’), (5.45) 


/ i ?2 • V x (V x ip E )dx 
Jn 

<c\\(cp E ,r)\\ 2 H i 


1 an 


(f) e ut ■ (nx (V x ip e )) + C£\\u\\ H3 \\ij; E \\ H i +Ce\\u\\ H 3 |V x ip e \ L 2 


< fe||V x (V x V> E )|| 2 +C S {\W^ e )fm + l(0 e ,^ e )U 2 +£ = ) • 


(5.46) 


and 


/ r.vx(vxi)> <c[\\{(p £ ,ip £ )\\ 2 H i + \{({) £ ,'ip £ )\ L 2}. 

Jn 


(5.47) 


Then, combining (15.431) . (15.441) - (15.471) . one obtains that 


17 i I \p £ l V x V ,< '\ 2 dx + [ \ ) p £ il) E B'il) E + p E ^ e ■ {Bu - nx ui)da] + \pe\\ V x (V x il> e )\\ 2 

dt \Jn 2 Jan 2 / 2 

< C8\m 2 + Cfe|| W|| 2 + (||(of. e ,^,f)H 2 ffl + e* + «(£)’) , (5.48) 


where we have used 


\(<f,r,z e )\L> <c\\{4> E ,r,^)\\h 
w,r^ E )\ 2 ^<cm,r^ E )\\H- 


■ < S\\V{cl> E ^ E ^ E )\\ 2 + C s {ei + K {e)i), 

■ < ^||V(0 £ ,-0 e ,e)ll 2 +Cs{ei + *(e)i), 


(5.49) 


which are consequences of the trace theorem and (15.91) . It follows from (12.21) that 

|| V x ^ e ||ffi < Ci (||V x (V x i/j e ) || 2 + ||div(V x ^ e )|| 2 + ||V x i/> £ || 2 + |nx(Vx ) 

< Ci(||V x (V x ^)f + ||V x ^ £ || 2 + m E \ 2 Hh + \{Bu) T -nx W |^), 

< Ci(||V x (V x ^ e )|| 2 + W\\m + C), 


(5.50) 
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Substituting (15.50ft into (15.481) yields that 

< C5M\\ 2 + C5e\\V 2 r\\ 2 + C s (\W,r,(L e )\\m+^ + «(e 0 *) , (5-51) 

Integrating (1 5.51 1) over [0, t] and using (I5.49|) . one gets (|5.42l) . respectively. Therefore, the proof 
of Lemma 15.31 is completed. □ 


[ ^-p e if e Bif s + p e if s ■ (Bu — n x uj)da ] + cie||V x || 
bo 2 7 


2 

rr 1 


Proof of Theorem 11.51 It follows from (12.11) that 

\m 2 m < c (nv x r\\ 2 + iidiv^n 2 + ini 2 +1 r ■ n\ H ±) 

<C(\\Vxr\\ 2 + \\divr\\ 2 + \m\ 2 ), (5.52) 

and 

Wfm < C (liv X ^ll^x + lldiv^ll^i + IIV’IIhi + W ■ n\ H {) 

< C (|| V x ip e \\ 2 H i + Hdiv^Uffi + Wfm) ■ (5.53) 

While (15. 5 ft 2 and (|5.5ft o imply that 

f HV’fIlia < C'(||(^,V' £ )llffi + e 2 ||V 2 ^ e ||| 2 + e 2 ) , , . 

{UtWh < C (\\(<t> e ,ij) e )\\ 2 H1 +k(£) 2 ||A^||2 2 + £ 2 + K(e) 2 ) ■ 

Then, collecting (15.421) . (15.541) . (I5.52|) - (I5.53I) . (15.241) . (15.91) and choosing 5 suitably small, one 
obtains that 

IIV(V- £ ,0 £ ,ni | 2 + e f\\r{T)\\ 2 H*dT + K{e) fm E {r)\\ 2 dr 
Jo Jo 

< C r||V(r,^,f)(T)|| 2 dr + C[ £ ^ + «(e)*], 

Jo 

which, together with the Gronwall’s inequality yields immediately that 

livers,mi 2 +£ fwrirW^dr + Kis) A|Ar(r)|| 2 dT<C[e?+K{e)*}. (5.55) 

Jo Jo 

Then, (15.91) and (15.551) imply (11 .291) - (11.301) . On the other hand, (11.311) is an immediately 
consequences of (11.291) . (15.11) and (15.31) . Thus, the proof of Theorem 11.51 is completed. □ 


6 Appendix 

We have the following Lemma whose proof can be found in Appendix of [25j: 

Lemma 6.1 Consider h a smooth solution of 

(a(t,y)[d t h + b 3 (t, y)d y ih + b 2 (t,y)d y2 h + zb 3 (t, y)d z h\ - ed zz h = G, z > 0, 

\h( 0 , y, z) = h 0 (y, z), hft, y, 0 ) = 0 , 

for some smooth function aft, y) satisfies c\ < aft, y) < ^ and vector fields b = ( 61,621 63 )* (7:, y). 
Assume that h and G are compactly supported in z. Then, one has the estimate: 

INkv- < / t ||-||^||G||^dr+/ t (l+||(i,6)||^)(l+^ ||^(a,6)|| 2 LO o)||6|| wl ,oodr. (6.2) 

Jo a Jo a ^ 
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